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1 3 5

1 2 3 4

A D B E C F

1 

5

1 2

1.1 

2

2

2 5 1
2

AB = CD

2
F = H

2 3 4 5

A D B E C F

AB DE BC EF CA FD

2 2
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A' B' C' A B
C A B C

∆ABC ∆A'B'C'

1.2 

∆ABC ∆A'B'C'
∆ABC ∆A'B'C' ABC A'B'C'



a) 3

b)

a)
• BC
• BA B C

CA
• 2
• ABC

b) 

1

3 2 3 ∆ABC ∆A'B'C' 
AB = A'B' AC = A'C' BC = B'C' 

1.3 (1)

2300

W.
(1992) ― p.116.

I.22.
3

3
3 2



a) 2 2

b) 

a) 2

• BC
• BC B C
• B C

• ∆ABC

b)

2

1 2 2 1 2
∆ABC ∆A'B'C' B = B' BC = B'C' C = C' 

1.4 (2)

5



a) 2

• BC
• C
• CA
• C

• ABC

b)

a) 2
2

b) 

3

2 2 2 1
∆ABC ∆A'B'C' BC = B'C' C = C' CA = C'A'

1.5 (3)
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∆ABE ∆EDA

2 1

1. ABCD AC
∆ABC ∆CDA 

2. AB ǁ CD DO = BO ∆ABO 
∆CDO 

1.6 



ABCD AD ǁ BC BC = DA AB = CD 

1. AC BD O BO = DO
AO = CO AB = CD

AB DC

∆ABC ΔCDA

BCA = DAC 

AB = CD 

2. 2 AC BD
O AD = CB

1.7 

2 1

2 AB = CD

BC = DA
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5 M A
C B D

A D

2. 2 AC = DC BC = EC 

a)

b) x

2

AM = CM = 3 km

MD = MB = 6 km

AMD = CMB

2 1 ∆AMD ∆CMB

2 DA = BC

1. 1 BC = EC CA = CD AB = DE 

1.8 (1)

a)

b) θ

D

A
M

C

B

D

A
M

B

C

2

1

A D 5 km
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3

1.
•
• 13
•

2.
2 2 1

3.
•
•

1 13

2.

1.9 (2)

1.

a)

b)
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47
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a) 3
b) 2
c) 3
d) 2

2 2
1. 1
2. 2
3.

1

1.1 

a) 3
b)
c) 1

d) 1

2 2

2

2

2 3



6

∆ABC AB = AC ABC = ACB 

2. BD = CD = AD 

DB = DC 

∆ABD ∆ACD AD AB = AC 3

ABC = ACB 

1.

1.2 

BC D AD

2
Pons

Asinorum
J. (2009).



ABC

AD BC DB = DC AD BC

3

1.3 

∆ABC P ∆PBC 

∆ABD ∆ACD 2 1 AB = AC AD BAD = CAD

DB = DC 

ADB = ADC . . . (1)

ADB + ADC = 180 . . . . . (2)

2 ADB = 180 ((1) (2))

ADB = 90 AD BC
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ABC = BCA AB = AC . . .(1)

ABC 60

BCA = CAB BC = BA . . .(2)

ABC = BCA = CAB ((1) (2))

x

3x = 180

x = 60

60

∆ABC BE = CF = AD ∆DEF 

1.4 

3

3

60



2

AB = AC BCA = ABC . . .(1)

CA = BC ABC = CAB . . .(2)

AB = BC = CA ((1) (2))

∆FAB ∆FBC ∆FCD ∆FDE 

1.5 

CAB 

DBA = DCA . . .(1)
DAB = DAC . . .(2)
BDA = 180 ‒ ( DBA + DAB

= 180 ‒ ( DCA + DAC (1 2)
= CDA

∆ABD ∆ACD 1 2 AD BDA = CDA DAB = DAC

AB = CD 

2
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1. 3

2. ABC AB = AC AD CAB AD
BC

• 2
• 2

2
22

2 2
2

1.6

1 2 2 1
2

5cm 5cm 6cm

1 2

2
5



1

∆ABC ∆A'B'C' CAB = C'A'B' ABC = A'B'C' = 90
AC = A'C' ∆ABC ∆A'B'C'

∆ABC ∆A'B'C' 1 2

2 3

1.7 (1)

CAB = C'A'B'
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AC DF

2. AB = AC BD AC CE AB 

1. 1

2. 1

AC = DF AB = DE ACB = DFE = 90 ∆ABC ∆DEF 

2

1.

1.8 (2)

2 1 2

∆ABE B C E AB = AE

B C E BCE = BCA + EFA = 90 + 90 = 180

ABE = AEB ∆ABE 

∆ABC ∆DEF 



ABC 2 A B

A ABC B ABC 

a) ∆ABC A B

b) ∆ABC B A

c) ∆ABC B A

A B A B B A

A DEF B DEF

A DEF B DEF

1.9 

a) DEF

b) DEF

A B N A B S

a) 3 2 A B
ABC A B

b) 3 2

c) 2 3

c) DEF A DEF 3 B DEF

d) DEFG A DEFG B DEFG
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A ABC = A'B'C'= 90 CAB = C'A'B' AC = A'C'
B

2
A ABC = A'B'C' = 90 CAB = C'A'B' AC = A'C' B

A ABC = A'B'C' = 90 CAB = C'A'B' AC = A'C' B
∆ABC ∆A'B'C'

a) A

b) A

c) A

d) A

B 2

B 3

B

B

A B ABC A'B'C' 

1.10 

2. 

A B A B

A B A B B A

A B 2 ABC = A'B'C'=90 CAB = C'A'B' AC =
A'C' B A 2

1. A B



3

a) 

b) 3

c)

BI CI ABC ID AB IE BC IF 
CA 

b) AI

a) ∆EIB ∆DIB 1

IAF = IAD

AI ∆ABC 

ID = IE . . .(1)

ID = IE = IF ((1) (2))

b) ∆FIA ∆DIA ID = IF IA a )
∆FIA ∆DIA 2)

IE = IF . . .(2)

∆CIE ∆CIF 1

1.11 

b) IAF = IAD ∆FIA 
∆DIA 

2 I”
I” 3

I” 3

3



1. ABC AM BC 

2. L M N ABC ∆LMN 

3. ∆ABC BC M AB AC
D E MD = ME

c) ∆ABC 
d) DE DE BC 

4.

3. ∆ABC ∆EBC AE BC 
BC

1.12 

a) AM
b) x y z

4. A B
a) A 2

B 2

b) 2

A 1
B 2

2. ∆ABC AB AC D E 2 BD 
= CE 

1.13 
1. A B

a) A B
b) A

B

b) BE CD F BF = CF 

6



a) 2

b) 1 2
3

ABCD O

2.1 

O

a)

b)
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∆DBA ∆BDC (1) (2) BD

AB = DC AD = BC DAB = BCD ABC = CDA
ABC + BCD = 180

ABD = CDB ...(1)
ABD = CDB ...(2)

AB DC AD BC

BD

x = 100 y = 80
AB = 5 cm

BC = 10 cm

2.2 

ABC = CDA

ABD + CBD = CDB + ADB

1.
2.
3.

1.

1. AB = DC; AD = BC
2. DAB = BCD ABC = CDA

BD ∆DBA ∆BDC

2.



∆OAB ∆OCD (1) (2) (3)

ABO = CDO . . .(2)

BAO = DCO . . .(3)

OA = OC OB = OD 

1. x y ABCD

2. ABCD AC BC O O PQ
PO = QO

OA = OC OB = OD 

∆OAB ∆OCD

∆AOP ∆COQ (1) (2) (3)

2.3 

2

AB = DC . . .(1)

AB DC AD BC

. . .(1)

. . .(2)

. . .(3)

PO = QO
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1.

BD

∆ABD ∆CDB AB = CD AD = BC BD

ABD = CDB

ADB = CBD 

AB DC ABD = CDB

AD BC ADB = CBD

ABCD

2.4 

2. ∆ABC ∆DEF

AD BC AB DC 
BD ∆ABD ∆CDB



BC CD E F
AB DC BC AD ABC
= DCE BCD = ADF

BCD + DCE = 180 . . .(2)

ABC + BCD = 180 2 . . .(1)

ABCD

4

2.5 

BC E CD F

2 ABC + 2 BCD = 360 DAB = BCD ABC = CDA

ABC = DCE (1) (2)

AB DC 

BC AD

ABCD
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1. 4 4cm AD
2. 4 4cm BC
3. AB CD

ABCD

1.
2.
3.

4.
5.
6.

AC
∆ABC ∆CDA ACB = CAD 

AD = BC AC
AB = CD

ABCD

1. ABCD 2. ABCD BEFC
AEFD

BFDE

2.6 

1.

AE = CF ABCD AD BC E F EBFD

AD=BC=4 cm AD//BC



1. ABCD AC DB

2. ABCD AC BD O

∆ACD
DA = DC

DO ∆ACD

a)
b)

∆ABC ∆DCB

AC = BD

AC = DB
∆ABC ∆DCB

BD AC
DO ∆ACD

2.7 

4

4

AB = DC BC
ABC = DCB = 90

DB AC 1.3

1.

2. AB CD

• 3
• 2
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MA = MB = MC (1), (2) (3) 

4

1. 
a b

ABC AC M MA = MB = MC

2.8 

4 4

2.

AC = BD ABCD . . .(3)

AB BC M AC BD ABCD

ABCD . . .(1)

ABCD . . .(2)



AB = DC AD BC
AC = DB ∆ABC ∆DCB

2.

1.

2.9 



6

ABCD M BC P
BC AM

ABD AMD BDC ABM DBM DMC

ABM DBM ABP DMP
MPB

l BC ABC A'BC

2.10 

2 1 1

ABC A'BC BC
1 BC

2 2

2

ABCD AD BC O AOB DOC



ABCD BC E ABE
∆ABE ABCD E

ACD

ABCD ∆ABE

1. AC
2. AC D l BC

E
3. A E ∆ABE

∆DAC = ∆EAC

ABCD = ∆ABC +  ∆DAC
∆ABE = ∆ABC + ∆EAC

∆ABE = ABCD ∆DAC = ∆EAC

1. ABCD BC AD M N BD
AM CN P Q BQ =12 QD

2.11 

PT MC T

a) DBE ADE DCE
b) DBE ABE EBC

2. ABC AB AC D E BC 
DE



6

1. 6

4. ABCD EFGH

3. E F ABCD BD BE = EF = FD
AECF

2.12 

2.



3. DE = AB DEC= BAC AD = BE

[ ∆AEH ∆CGF AH = CF
]

5. ABCD BE DF ABC CDA

BE DF 3

1.

2.13 

∆ABD ∆ACD

2. ∆ABC AB = AC CAB=36 DB D AC ABC BC = 
BD = DA

4. ABCD 4 AB BC CD DA 4 E F
G H AE = CG BF = DH EFGH

∆ABD ∆ACD ∆ABC ∆ACD
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2.

a) b) 2

2.

1.1 

1.

1.
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a) 2
b) 1 1
c) 1
d)
e) 2
f)

1.2 

• (g)
•
• (r)
•
• (h)



1

•

•
• 2
•
•

1.

2.
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1) 1 cm3

a) 4

b)
2) 3cm 1cm

a) 5

b)

1. a)

2. a)

= π 2) 

2.1 

=  

r

= π 2

4 cm

8cm2

= = 2 π



3

2.2 

1. 4cm 9cm

2. 2cm 16m3

3.
137m 230m

= 



7

7

2.3 

1.

2. 25 cm2 9 cm

=          

6

=       

=       12 7 = 28 cm3

= =     36 5 = 60 cm3

= 12 6 = = 36 cm2

3. 30





3

= 

2.4
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2.

2.5 

1. 2m

3. 10cm

= ) = πr2h 2 )

=  ) = 



V =                                                             

3.1 

•
•

V =                                                                                  

V =    V + V =                                                                      



7

3.2 

1 cm3 = 1 ml = 0.0338135 fl oz  
fl oz )

5. 3 ?

6. 6 370 km π

1. 3 cm 9 
cm ? 

2. 18 cm ?

7. ) 8π m 6.3 m

8. 4 cm 10 cm

3. 16 cm

4.



1.

3.3 

6. 12 cm 5 cm 6
cm

7. 135π cm3 9 cm ?

8. 4 cm 9 cm

9. 36π cm3

2. 5 cm 300π cm3 ?

3. 60π cm3 8 cm

4. 15 cm 8 cm

5. 10 cm 15 cm
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a

b

c
r g

d 2πr

L = 2πr

2

θ

4.1 

a)

b)

c)

d)

g
2



r θ

2. 10cm 60

a) r = 8 cm
b) g = 12cm θ= 240

a) L = 2πr L = 2π 8 = 16π

b) L = L = 

3. 5cm

1. 
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1. θ g r
2. g r θ
3. θ g
4. θ L g

θ g

1. 1 2

4.2

r
θ

g
L

L

g = 30 cm θ
r = 4 cm

2πr = θ = r

θ = 48

1. g = 18 cm r = 9 cm θ
2. g = 6 cm θ = 120 r
3. 4cm 60
4. θ= 120 L = 8π cm



a) g
b) r

A =                   ... 1

A =                    

4.3 

r g

A

A = πrg

A

A =A +A =                                      

A

a) A θ
g πg2

1

b) A =πr2

A = A + A = 

1.

2. r = 6 cm A =120π cm2



7

r πr2

A = 4πr2

r

4.4 

1 1 1

1. 2 2 A
2. B

3. C

3

4

r

A B C

r r 2r

1. 12 cm

2. 144π cm2



1

5.1 

2

2. 5 cm 10 cm 50 cm

3. 2
10m

100π m2

1. 1

A = 
A = 2πrh
AL = πrg
A = πr2

A =                                                        

A =                                                   

AL =                                               

A =                                                          

A
A = A + A + AL + A =                                                         
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5.2 

5.

2. 10

1. 4cm 5cm 3cm

6. 6cm

3. 144π cm3

4. 4cm 1cm



2.

7.

5.3  

4.

3. 10cm )

5. 10cm 12cm

6. 7cm 24cm 25cm

V =  

V = 

V = 

V =  

A = 

A = 

V = 

A =  

1. 3cm 15cm
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20 24 24 28 28 32 32 36 36 40

1.1 

1.
2.

1
20 24 20 24 24

B
30

1. 20 40 4 5
2. ? 
3. ?
4. 32 ?

A B 2 A
30

1. 20 40 4 5
2. ?
3. ?
4. 32 ?

1.
20 4 20
24 24 28 28 32 32 36

36 40

2. 24 28
11

3. 39

4. 32
3
8 + 11 + 8 = 27

27 32
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20 24 24 28 28 32 32 36 36 40

1.

2.
2

1.2 

1.
2.

A
30

1.
2.

5

•
•

20 - 24 8
24 - 28 11
28 - 32 8
32 - 36 2
36 - 40 1

30

10 13 13 16 16 19 19 22 22 24 10 13 13 16 16 19 19 22 22 25



A
30

1.
2.
3. 30 ?

1. 4

4

2

24 ‒ 20 = 4

2.

3. 30 28 32 8

1.3 

2

f
20 - 24 8
24 - 28 11
28 - 32 8
32 - 36 2
36 - 40 1

30

2

f
20 - 24 8 22
24 - 28 11 26
28 - 32 8 30
32 - 36 2 34
36 - 40 1 38

30
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20 24
20 24

= = 20  
= = 24

= 24 ‒ 20 = 4

= ‒ 

= + 

3.

2. 100

a)
b)
c) 125 mmHg ? 

1. B
30

a)
b)
c) 26 ?

a) 5
b)
c)
d)

2

f
20 - 24 11
24 - 28 8
28 - 32 6
32 - 36 3
36 - 40 2

30

(mmHg)
f

100 - 110 4
110 - 120 18
120 - 130 38
130 - 140 55
140 - 150 17
150 - 160 6

138



1.
2. A

3.
4.

1.

•
•

•

2. 20 32

3. 0

4.

1.4 

A 30

f

20 - 24 8
24 - 28 11
28 - 32 8
32 - 36 2
36 - 40 1

30
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•
•
•

•
•

0

0

B
30

1.
2. B 30

?
3.

f

20 - 24 11
24 - 28 8
28 - 32 6
32 - 36 3
36 - 40 2

30



8 2

1. 2 ?
2

2.

3.

1.5 

A B
fA fB

0 - 20 3 5
20 - 40 5 8
40 - 60 12 17
60 - 80 6 10

80 - 100 4 5
30 45

A B
0 - 20 0.10 0.11

20 - 40 0.17 0.18
40 - 60 0.40 0.38
60 - 80 0.20 0.22

80 - 100 0.13 0.11
1.00 1.00

100%
100%

20 40

A 0.17 100% = 17%
B 0.18 100% = 18%

A B
0 - 20 10 11

20 - 40 17 18
40 - 60 40 38
60 - 80 20 22

80 - 100 13 11
100% 100%

1. 2
40 60 A 30 12

B 45 17

0 20 A = 0.10 B

2. x 100%

A
3/30 = x/100%

B
5/45 = x/100%
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3. 1
2

2

B

A

1 2

(fr) (n)

100 (fr%)
1

1 2
0 - 3 1 2
3 - 6 2 4
6 - 9 3 7

9 - 12 5 8
12 - 15 6 10
15 - 18 5 7
18 - 21 2 5
21 - 24 1 2

25 45

2

1.
2.
3. ?



1. 40 ?
2. 70 ?
3. 50

?

1. 40
0.9 + 5.5 + 9.1 + 14.5 = 30%.

2. 70
8.2 + 6.4 + 1.8 = 16.4%

16%

3. 50

25 + 12 + 9 + 7 + 2 = 55 55

1.6 

1. 10 ?
2. 12 ? 
3. 50%

?

• 1

• 2
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1. 3

a)
b) 4 6
c)
d)

2.

a)

• 4 8
• ?
•

b)

• 6 3
• ?
•

c) ?

d) 1

1.7 



1.

0.1 (ds)

(ds)

2. 1000
mm

3.

1.8 

a)
b)
c) 45 ? 
d) ? 
e) 30 60 ? 

a)
b)77 87 mm

?
c) 77 mm
d)87 mm

a)
b) 19ds 37ds ? 
c) 37ds ?
d) 25ds 31ds

e) 25ds 31ds
f) 31ds

(f)
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1.
2.
3. 2
4. 2 ?
5.

A
14
49

A 14 49

B
10
57

B 10
57

3.

A

11
6

= 30

B

2.1 

A B

1.

A 14, 19, 23, 24, 26, 30, 31, 32, 38, 40, 49
B 10, 20, 21, 22, 24, 24, 28, 29, 30, 34, 46, 57

2.

12 2
= 

4. 2

• A 1
• B 24 2 = 24

5.
=                                 



2 15

A 14, 23, 38, 40, 19, 31, 49, 26, 24, 30, 32

= 

B 10, 22, 24, 20, 30, 57, 34, 46, 29, 28, 24, 21

= 

a) n x
A n = 11

b) n
n = 12 B 6

7 = 2

(μ) n x
= x

1
2

1.
2.
3.
4.
5.
6. ?
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?
A

30

1.
2.
3. 2
4. 3 1

1

1. =
1

2. 1

= Pm f = 22 8 = 176

(Pm) Pm f
f

20 - 24 8 22 176
24 - 28 11 26 286
28 - 32 8 30 240
32 - 36 2 34 68
36 - 40 1 38 38

30 808

2.2 

+

f
20 - 24 8
24 - 28 11
28 - 32 8
32 - 36 2
36 - 40 1

30

(Pm)
f

20 - 24 8 22
24 - 28 11 26
28 - 32 8 30
32 - 36 2 34
36 - 40 1 38

30



Excel Calc GeoGebra

A

A 30
μ = 26.2

3.

1. B 30

a)
b)

2.2 ?

Pm f 

4. 3 26.9
26.2 2

=                                                     Pm f

(f) (Pm) f Pm

20 - 24 11
24 - 28 8
28 - 32 6
32 - 36 3
36 - 40 2

30
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A 25 350 B 15
600

1.
2. B 50 ?
3. A 2

? ?
a) 65
b) 20%

A
= = $350

B
= = $600

1.

2. 50

9 000 + 15(50) = 9 000 + 750 = 9 750

3. 2

• 2 5
2

2.3 

650 50

1 65

350
8750

8 750 + 65 25 = 10 375

2 20%

350
8750

8 750 + 20%(8 750) = 10 500



• 3, 4, 5, 4, 9
μ = 5 2 5, 6, 7, 6, 11 μ = 5 + 2 = 7

• 3, 4, 5,
4, 9 μ = 5 2 6, 8, 10, 8, 18 μ = 5(2) = 10

1. 1
75 2

a) 10%
b) 10

? ?

2. 1 $3,500.00

a) 1 10%
b) 300

?

3. 3 $900.00 7 $1,050.00 10
?

4. 120 km 2 1 90 km

μ =                                   n
nμ = x

(x)
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1. B
30
a)
b)

2.

2.4 

?
A 30

1.
2.
3.
4.

20 - 24 8
24 - 28 11
28 - 32 8
32 - 36 2
36 - 40 1

30

1.

30 15
2 8 + 11 = 19

2. 2 Pm =

3.

2 24 28

4. 26

•
•

•
•



A B C

A 3, 4, 5, 5, 7, 8, 10 = 5 = 5

B 3, 4, 5, 5, 7, 8, 20 = 5 = 5

2.5 

1.

2. A B

3. A C 3
A 5 C 15 A 6 C

18

1.
2. A 10 B 20

?
3. A 3 C

?

C 9, 12, 15, 15, 21, 24, 30 = 5 = 15 μ = 

•
2

•
2

1. ?
2. A 6 3 ?



8

1.

0.1 (ds)

(ds)

2. 1000
mm

3.

a) 
b)
c)

4. 30

a) 
b) 
c) 

(kg)

2.6 

a)
b)
c)

a) 
b)
c)

(f)

0 - 15 5
15 - 30 6
30 - 45 7
45 - 60 8
60 - 75 7
75 - 90 6

39



2.7 

1. 30 (cl)

35, 60, 48, 39, 40, 39, 45, 38, 46, 50, 51, 59, 56, 55, 49, 47, 48, 49, 56, 53, 47, 50, 52, 57, 58, 52, 60, 65,
46, 51.
a) 30 38 8 cl
b)
c)

2.

32, 37, 54, 70, 74, 75, 76, 109 , 66, 77, 90, 96, 30, 41, 42, 69, 36 , 59, 60, 55, 70, 47, 32, 99, 48.

a)
b) 30 46 16

c)
d) ?

3. 160 2017 200 50

a) 2016 ? 
b) 2017 ?
c)

4.
a)
b) ?
c) 10 ?

5. 300

a) 1
b) 2017 10% ? 

6. 14

7. 200
a) 1

b) 6
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A B
30

1.

2.

1. x x
A 26 B 22

A

B

A  
A  
B

2.8 

2.

• A = 26 = 26 μ = 26.9

• B = 22 = 26 μ = 27



•

• > >

• < <

1.
a)
b)

2. PAES 2016
7.7 6.5 7.0

a) 3 PAES

b)

PAES
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33 7
1.
2.
3.

33 7 4.714 2
4.714285714285714…

1. 4.71
2. 0.005

4.71 1 5 4.72

3.1 

3. 4.71

4.705 4.706 4.707 4.708 4.709 4.710 4.711 4.712 4.715 4.72
4.71 4.705 4.715 4.715

4.705≤4.71<4.715
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• 5 5
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0.5 11.5 12.5
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2007
231 480 319 503

1.
2. 1 10

1. 345 3

2. 2 109 4

1.

231 000 230 500 231 499
230 500 ≤231 000 

<231 500 2 3 1

320,000 319,500 320,499
319,500 ≤ 320,000 

< 320,500 3 2 0

2. 10

2 10

2 3 1

3 10

2 2 0

1

4
231 480 ≈ 231 000

9

5 1
319 503 ≈ 320 000

3.2
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3.
0.048 2

4.
3.20000 105 6

5. 1 4700

2 10
10 1 ≤ a < 10 a 10n

1.

2.

507 900

1.
a) 2
b) 3
c) 4

2.
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1.
2.
3.

1. 149 597 870.7 150 000 000

2. 150 000 3 1 5 0

3. 150 000 000 1
150 000 000 = 1.50000000 108 3

1.50 108

5.
384 403km

3.3 

a) 4
b) 10

1. 299792 458 m /

2.
9 460 800 000 000 km

3.

1 429 400 000

4. 1781
25 559




