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1.1 *

θ Q
Q

P

OPQ , .

OPQ 

,       

Q Q’ Q’
P' AA (∆OPQ ∆OP'Q’ ) OPQ OP'Q'

ABC B ∆ABC θ hip
op ady

sen θ, cos θ, tan θ 

sen θ cos θ tan θ θ 

,

θ 

90



hip = AC op = BC ady = AB 

ABC 

hip = EF op = DF ady = DE 

DEF 

hip = GH op = GI ady = HI 

GHI 

1.1 
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1.2 

1.1

a) α hip = 5 op = 4
ady = 3 

ABC 
θ 
θ 

b) θ hip = 2
op = 4 ady = 6 

1. sen θ cos θ tan θ 

α θ 



3. 2 

4. 2 

5. 2 

1 csc θ sec θ cot θ 

2. csc θ sec θ cot θ θ 

2
180 125

B.A. (1967). 

6. ABC CAB = 90 BCA = θ BC = 1 
AC AB AD BD CD θ 



1c) hip = op = 3 ady = 6 

1b) hip = 10 op = 8 y ady = 6 

1d) hip = 9 op = ady = 6 

1f) hip = 3 op = ady =1e) hip = 4 op = 2 ady = 

ΔADC DAC = 90 – θ DAB = θ
ΔABD 

CD = BC – BD = 1 – sen2θ 

6. ΔABC 

1

1a) hip = 13, op = 12 ady = 5 

1.2 
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1.3 

x y 

DEF FDE DFE 
FDE + EFD = 90 EFD = 45 DEF 

x = 1 

ABC APC BCA = 30
PCA = 60 APC

x = AP = 2

y ABC x2 = 12 + y2

y > 0 y =

y DEF 

y > 0, y = 

30 60 45

x y 

30,
60 45



a) ∆A'B'C' ∆ABC 

b) a) ∆D'E'F' ∆DEF 

∆D'E'F’ y = 

x y 



5 1.3 (127 )

a) ΔA'B'C' ΔEFD 

c) ΔI'G'H' ΔABC 

b) ΔD'E'F' ΔCAB 

d) ΔL'K'J' ΔABC 

f) ΔR'P'Q' ΔDEF e) ΔN'M'O' ΔABC 

1.3 

30 60 45
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1.4 

b) 45 45
ady = op = 1 

30 45 60

c) 60 a) ABC
ady = 1 op =

θ

sen θ

cos θ

tan θ

30 45 60

30 45 60

30 45 60
30 60

45

30 45 60

a) 30 30
ady = op = 1 



1.4 30 45 60

30 45 60

30 45 60

• 1. 
• 2. 

1.2 3 4 5 



1.5 

1 

1 a = 3tan 55 ≈ 3(1.4) = 4.2 
b

tan 55

MODE 

a ≈ 4.2 b ≈ 5.2 

tan 55 =      a = 3tan 55 55
tan 55



e ≈ 2.5 f ≈ 2.2 

g ≈ 3.4 i ≈ 9.4 k ≈ 4.6 l ≈ 5.5 

m ≈ 5.5 n ≈ 2.3 

b ≈ 1.6 c ≈ 2.5 

1.5 

30 45 60
30 45 60

160
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1.6 

a)                            60
C = 60 B = 30

b) D 

ABC C
C ( )

1 D ≈ 68.2
F ≈ 90 – 68.2 = 21.8

tan–1 

tan–1 tan θ = θ –90 90
θ 



C = 30
B = 60 C = 30 D = F = 45

N = 60 O = 30 J ≈ 90 – 48.2 = 41.8

J ≈ 41.8 K ≈ 48.2

I ≈ 90 – 53.1 = 36.9
G ≈ 53.1 I ≈ 36.9

R ≈ 90 – 66.4 = 23.6
P ≈ 66.4 R ≈ 23.6

1.6 

a

b
sen–1 cos–1 tan–1



1. sen θ cos θ tan θ 

2. x y 

3. 1 

4. 1 

1.7 



4c) I ≈ 90 – 66.4 = 23.6

2a) 30 60

2c) 30 60

2b) ΔDEF y = 3 45

c ≈ 6.1 a ≈ 5.1 

4a)                                            

B = 60 C = 30

4b) 
F ≈ 90 – 31 = 59

D ≈ 31 F ≈ 59

G ≈ 66.4 I ≈ 23.6

1c) hip = op = 8 ady = 5 1b) hip = 6 op = ady = 5 

e ≈ 9.6 f ≈ 11.3 

i ≈ 8.2 g ≈ 5.7 

1.7 

1a) hip = op = 2 ady = 3 
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1.8 

25 6

SHIFT 25 

6 76

1. 2 
1 

3. 20 16 

2. 3 90

4. A 7 B
2 28

2 

90 90 



1. θ ≈ 26.6
26.6

2. d 
d ≈ 63.6 

63.6 

3.  

1620

θ ≈ 53.1
53.1

4. 

3.7 

1.8 



1.9 

475 m 850

θ

A B C
CAB = θ

1. 75 

2. 37
9 m

3. 100 m 

4. 3.5 m 1.5 m 10

θ

75 

θ ≈ 34



1.
ABC θ

75

.

99.9 

2.
MPN 37

11.9m 

3. OPQ θ

80 m 

4.
ABC 10

28.4 m 

1.9 
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1.10 

ABC 
BC = 7 tan 74 BC 

BC 
24.4 + 1.6 = 26 m 

7 m 74
1.6 m

CAB

1.
12 m 70

2.
135 65

3. 2 m 1 m
60

4. 8 m
60



33 m 

3.5 + 1 = 4.5 m 

13.9 m 

289.5 

4. 

135

1.10 



•
•
• 20 mm 

(∆ABC) 
BCA 

∆ABC 

1.

2. 1.11 

1.11 

•
•
•

1.

2.

3.



1.11 

2. 

ABC BCA
ABC θ ABC

θ = 90 – 75 = 15

1.

50 cm



5

4. 25 40 m 

5. 100 m 30
15

6. 2 km 80 20

1. 12 km 60

2. 20 m 

3. 1 

1 2

1.12 

1

2



1.12 

3. 1 d 

20.8 km 15 m 

1 18 m 

85.8 m 

x + y = 100 tan 30 + 100 tan 15
= 100(tan 30 + tan 15 )
≈ 84.5.

84.5 m 5.1 km 

6

1 2



d (P, Q) P (x1, y1) Q (x2, y2) 2 

P (-1, 3) Q (2, 1) 

2. P (x1, y1) Q (x2, y2) d (P, Q) = d (Q, P) 

x1 = x2 y1 ≠ y2 PQ 

x1 ≠ x2 y1 = y2 PQ

2.1 2 

a 

PQ > 0 

2 2 

x1≠ x2 y1 ≠ y2 P Q O
(x2, y1) OP = x2 – x1 QO = y2 – y1

POQ

1. P Q 

P (x1, y1) Q (x2, y2) 2



2.1 2

2 

2 

1 2 P Q 2 Q 
P 2 

2. 

(d(Q, P))2 = (x1 – x2)2 + (y1 – y2)2 = [–(x2 – x1)]2 + [–(y2 – y1)]2 = (x2 – x1)2 + (y2 – y1)2

(x2 – x1)2 + (y2 – y1)2 = [d(P, Q)]2

d(P, Q) = d(Q, P)

Q P
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2.2 *

P (a, b) P 
a) x 
b) y 
c)
d) y = x 

a) x P P'(x, y) PP’
x Q PP' x

PQ = P’Q

PP' 2 P' x
P P' 2 P' b

–b

x P(a, b) P'(a, –b)

c) O P P'(x, y) 
OP = OP'

P P’ y = mx b = ma 
(1) y b

1 + m2 ≠ 0 x2 = a2 x = a x = –a 

b) y P P'(x, y) PP’
y Q PP' y

PQ = P’Q

PP' 1 P’ y
P P' 1 P' a
–a

y P(a, b) P'(-a, b)

x = a y = mx = ma = b P' P x = –a y = mx = –ma = –b
P'(–a, –b) P P'(–a, –b) 



P(a, b) 
• P'(a, –b) x P 
• P'(–a, b) y P 
• P'(–a, –b) P 
• P'(b, a) y = x P 

P(–1, 3) Q(–2, –3) 2 x y
P Q

a) x P P1(–1, –3)
y P P2(1, 3)

P P3(1, –3)
P P4(3, –1)

b) x Q Q1(–2, 3)
y Q Q2(2, –3)

Q Q3(2, 3)
Q Q4(–3, –2)

1. x y y = x 

2. x y P 

d) y = x S(a, a) OTS tan α = 1
α = 45 y = x I III

P(a, b) y = x P'(x, y)
P y = x Q PP'

y = x PP' PQ = P'Q

PR PQ = P'Q QR PQR = P'QR = 90
PQR P'QR

PR y PRQ = 45 P'RQ = 45
P'RP = 90 P'R PR P'R = x – a

PR = b – y

(2) PR = P'R PR = b – a b – a = P'R = x – a x = b 
b – a = PR = b – y y = a P' (b, a) 

y = x 



2.2 x y 

y = x
2.1

2

x y 

2. P(x, y) P (–x, – y) 

P x (x, – y) (x, – y) y 
(– x, – y) 

x y 



5

2.3 

x

x
360

1 1

4

1 2 

3 4 b)
70

c)
150

2 120
2 

4 –70
4 

3 –150
3



2.3 

x 2

90 0

a) 1
80 1

b) 180 1
360 50

1 50

c) 3 
-170 3 

4
310 4



2.4 360 -360

480 930 2 150 –1 150

a) 480 360 + 120 b) 930 = 360 (2) + 210

c) 2150 = 360 (5) + 350 d) 

360
360

θ = 360 n + θ' n n
0 ≤ θ' < 360 θ θ' n > 0

n < 0

-1150
360 (–3) – 70 = 360 (–3) – 70 + 360 – 360 = 360 (–4) + 290

360 1 360 1



360 -360

360

x

2.4 360 -360

360 -360
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2.5 1

θ x y θ 

1 x
P(x, y) x y

x y θ
r

θ θ
P(x, y)

θ 

tan θ x ≠ 0 

y = rsen θ x = rcos θ
sen(360 n + θ) = sen θ cos(360 n + θ) = cos θ 

,

,

,



2.5 x P 

1

1



2.6 2

sen 120 cos 120 tan 120

OP = 1 OPQ
QOP 180 - 120 = 60 sen 120 cos 120 tan 120

sen 60 cos 60 tan 60

∆OPQ y OP'Q' P'
(cos 60 , sen 60 ) P P' P
(–cos 60 , sen 60 )

0 90 180 270 1
x OPQ

90
1.
2.
3. x

y x

0 90 270 360 x y 

/ 



• 0 P (1, 0) r = 1 

• 90 P (0, 1) r = 1

• 135 QOP = 180 – 135 = 45

• 180 P (-1, 0) sen 180 = 0 cos 180 = –1 tan 180 = 0 

• 210 210 – 180 = 30

0 90 180 270
(x, 0)

(0, y) (–x, 0) (0, –y) (x >
0 y > 0)

• 270 P (0, -1) sen 270 = –1 cos 270 = 0 tan 270
• 300 360 – 300 = 60

• 360 1 0

,

2.6 

360

,

,

0 

,

,
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2.7 3

a) POQ = 230 – 180 = 50 sen 230
cos 230 tan 230 sen 50 cos 50 tan 50

sen 230 = – sen 50
cos 230 = – cos 50 tan 230 = tan 50

b) 360 – 320 = 40

a) sen 230 cos 230 tan 230
b) sen 320 cos 320 tan 320

4 

sen 320 = – sen 40 cos 320 = cos 40 tan 320 = – tan 40

90

θ 360

• θ 1 
• θ 2 180 – θ 
• θ 3 θ - 180
• θ 4 360 – θ 

cos(-400 ) 

–400 = –360 – 40 40 4 cos(–400 ) 
cos(–400 ) = cos 40

sen θ cos θ tan θ 0 ≤ θ < 90



a) 100 180 – 100 = 80 100 2 

sen 100 = sen 80 cos 100 = – cos 80 tan 100 = – tan 80

c) 220 220 – 180 = 40 220 3 

sen 220 = – sen 40 cos 220 = – cos 40 tan 220 = tan 40

f) 360 – 310 = 50 310 4 

sen 310 = – sen 50 cos 310 = cos 50 tan 310 = – tan 50

b) 180 – 175 = 5 175 2 

sen 175 = sen 5 cos 175 = – cos 5 tan 175 = – tan 5

d) 250 – 180 = 70 250 3 

sen 250 = – sen 70 cos 250 = – cos 70 tan 250 = tan 70

e) 290 360 – 290 = 70 290 4

sen 290 = – sen 70 cos 290 = cos 70 tan 290 = – tan 70

2.7 0 - 90

x
x



g) 360 405 = 360 + 45 45 45 1
405 1

sen 405 = sen 45 cos 405 = cos 45 tan 405 = tan 45

h) 570 = 360 + 210 210 210 – 180 = 30

sen 570 = sen 210 = – sen 30
cos 570 = cos 210 = – cos 30
tan 570 = tan 210 = tan 30

j) –780 = –360 (2) – 60 60 -60 4 

sen(–780 ) = – sen 60 cos(–780 ) = cos 60 tan(–780 ) = – tan 60

l) –1 000 = –360 (2) – 280 = –360 (2) – 280 + 360 – 360 = –360 (3) + 80
80 80 1 

sen(–1 000 ) = sen 80 cos(–1 000 ) = cos 80 tan(–1 000 ) = tan 80

k) –940 = –360 (2) – 220
–940 = –360 (2) – 220 = –360 (2) – 220 + 360 – 360 = –360 (3) + 140

140 180 – 140 = 40 140 2
-940 2

sen(–940 ) = sen 140 = sen 40
cos(–940 ) = cos 140 = – cos 40
tan(–940 ) = tan 140 = – tan 40

i) 630 = 360 + 270 270 90
sen 630 = sen 270 = – sen 90 cos 630 = cos 270 = cos 90 tan 630



cos–1 α 

0
360 2

2.8 4*

b) cos θ 2 3 θ 

-90 90
0 180

a) sen θ 1 2 

θ 0 360 2 

θ 0 360

θ 0 360

θ 1 θ 2 

θ = 30 θ = 180 – 30 = 150

α 

θ 2 
α θ 2 

θ 3 

θ 3 



2.8 1 

1

a) θ 3 4 

θ = 180 + 60 = 240 θ = 360 – 60 = 300

b) 1 3 

d) 2 3 

θ 3 

θ 2 

cos–1 

α θ 
2 

c) 1 4 

α 

sen–1 

α θ 
1 

α 
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2.9 

sen2θ + cos2θ = 1 θ 

1 cos θ tan θ 

sen2θ + cos2θ = 1 

1 θ 1 1 

tan θ 

6. tan θ + cot θ = sec θ csc θ 

7. sec θ - cos θ = tan θ sen θ 

4. θ  

1.                        θ 3 sen θ tan θ 

2.                       tan θ < 0 sen θ tan θ 

3.                     θ 1 cos θ tan θ 

(sen θ)2 (cos θ)2 sen2θ cos2θ θ 
sen2θ + cos2θ = 1 

θ 

(x, y) 

5.                      sen θ > 0 sen θ cos θ 

5 4 

1

2

cos θ = 



2.9 

cos θ < 0 tan θ < 0 θ 2 sen θ > 0

1
2

3 

1. 

5. 2 

tan θ + cot θ = sec θ csc θ

sec θ – cos θ = tan θ sen θ

sen θ cos θ tan θ 2 
1 



1. 

2. 

3. sen θ cos θ tan θ 0 ≤ θ < 90

7. sec2θ + csc2θ = sec2θ csc2θ 

8. (tan θ + cot θ)tan θ = sec2θ 

4. 0 ≤ θ < 360 θ

6.                       θ 2 sen θ cos θ 

5.                   θ 1 sen θ 

2.10 



2.10 

tan θ 

sen

3f) –2190 = –360 (6) – 30 -30 x 

sen(–30 ) = – sen 30 cos(–30 ) = cos 30 tan(–30 ) = – tan 30
4a) 2 3

240 240 – 180 = 60

4b) 1 3 tan 45 = 1
θ = tan–1(1) = 45 θ = 180 + tan–1(1) = 180 + 45 = 225

(tan θ + cot θ)tanθ = sec2θ

, ,

,

,

,

,

,

sec2 θ + csc2 θ = sec2 θ csc2 θ
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3.1

ABC AC = b AB = c A

ABC (ABC) 2 

ABC 

DEF 

2 

2 

1. 

2. C (x, y) x < 0 y > 0 ABC   

3

A(0, 0) B(c, 0) c > 0 C(x, y) y > 0
ABC

C y
y = bsenA

AB = c

ΔABC = 

1

2

x 



3.1

2 

2. C(x, y) x < 0 y > 0 C 2 A
90

y BAC ABC A DAC 

y = CD = b sen A

ABC AB = c 
ΔABC = x 



3.2 *

2 

abc

ABC 

ABC 

3 

ABC c = 12 B = 120 C = 45 b 

ABC 

(1) 2 

ABC 
a) a = 3 A = 30 B = 45 b
b) a = 9 A = 60 B = 45 b
c) a = 6 A = 30 C = 135 c
d) c = 8 B = 55 C = 100 b
e) a = 6 A = 60 B = 75 c



3.2 2 

2

1
3.1

a 2 

c 
2 

C = 180 – 60 – 75 = 45

2.6 1



5

3.3 2 1 1

E ≈ 14.5 E ≈ 180 – 14.5 = 165.5

D + E + F = 180 E 

(1) 1 

a) d = 16 e = 8 D = 30 ∆DEF E 
b) n = 20 p = 8 P = 30 ∆MNP N 

E 2
2.7

E ≈ 14.5 D + E ≈ 30 + 14.5 = 44.5 < 180 E ≈ 14.5
E ≈ 165.5 D + E ≈ 30 + 165.5 = 195.5 > 180 165.5 E 

E ≈ 14.5

b) 

1 –1 
x y y2  ≤ x2  + y2 

2

a) b = 2 B = 45 C b) A = 120 B

d) b = 6 C = 135 Bc) b = 3 C = 150 B

a) DEF 2 
3.2 (1) 

ABC



3.3 2

30 C = 30
C = 180 – 30 = 150
C = 30 B + C = 75 < 180 C = 150 B + C = 195 > 180
A + B + C = 180 C = 30

B = 45 B = 180 – 45 = 135 B 135
(A + B > 180 ) B = 45

c

2
2

1

a) 2

1



C ≈ 48.6 C ≈ 180 – 48.6 = 131.4

a) a = 3 b = 4 A = 30 B
b) a = 2 c = 1 C = 20 A
c) a = 4 b = 6 B = 60 A

a = 2 cm c = 3 cm A = 30 C

C 48.6 161.4

1. 3 cm A B

C 2 

C

• C ≈ 48.6 A + C ≈ 30 + 48.6 = 78.6 < 180
• C ≈ 131.4 A + C ≈ 30 + 131.4 = 161.4 < 180

3.4 2 1 2

3. 2 cm 2
B 2

2

2. A 30

2 
2 



B ≈ 41.8 B ≈ 180 – 41.8 = 138.2 2 A + B 180
2 1 B ≈ 41.8 1 B ≈ 138.2

b)

A 2 A ≈ 43.2 A + C ≈ 63.2 A ≈ 136.8
A + C ≈ 156.8 ) 2 

A ≈ 144.7 A + B > 180 A ≈ 35.3

c)

3.4 2 

2 2

C
48.6 131.4



5
a = 6, , C = 45 ABC 3 

3
a) b = 5 C = 30 ∆ABC
b) b = 6 c = 4 A = 120 ∆ABC
c) a = 9 B = 150 ∆ABC
d) a = b = 4 C = 60 ∆ABC
e) c = 2 B = 135 ∆ABC

c > 0 

3.5 *

A B AB c

B (p, q) 

p = acos C y q = asen C
A B 

ABC c2 = a2 + b2 – 2abcos C 

A(b, 0) C(0, 0) ABC 

ABC 



c > 0 

a > 0 

c > 0

b > 0 

3
3

3
5 + 6 + 7 = 18 3

567 3

b > 0 

2

3.5 2 



3.6 3

a = 8 b = 5 c = 7 3 

1. 3 

2. ∆ABC cos B a b c

A = 180 – B – C ≈ 180 – 38.2 – 60 = 81.8
A ≈ 81.8 , B ≈ 38.2 y C = 60

B ≈ 38.2

3 3 

C = 60

2 

B ≈ 38.2 B ≈ 180 – 38.2 = 141.8 B ≈ 141.8
B + C ≈ 141.8 + 60 = 201.8 B ≈ 

38.2

c2 = a2 + b2 – 2abcos C 

,

∆ABC 

∆ABC 

∆ABC 

∆ABC 

∆ABC 

,
,

,

,

,



3.6 3 

1a) 

c2 = a2 + b2 – 2abcos C 

A = 60 C = 90 B = 180 – 60 – 90 = 30

1b) C 

B 

A ≈ 180 – 26.6 – 135 = 18.4

B ≈ 180 – 38.2 – 120 = 21.8

A ≈ 180 – 64.4 – 82.8 = 32.8

1c) A 

1d) B 

1e) A 

C 

C 

3 

3 3 



5

1. ABC 

2. ABC 

6. 

a) b = 24 B = 38 C = 120 c

c) a = 12 b = 16 A = 45 B

e) b = 2 c = C = 120 B

4. ABC   3 

3. 3 

3.7 

5. ABC   3

,

,

,

,

,

b) c = 10 A = 135 C = 30 a

d) a = 3 b = 2 B = 30 A



3.7

2e) sen B = 1
B = 90 B = 90
B + C = 210 > 180

C ≈ 180 – 134.6 – 24.5 = 20.9

B ≈ 180 – 29 – 104.5 = 46.5

a = 3 a = –1 a 
a = 3

6a) C = 180 – 60 – 12 = 108 a ≈ 87.5
c ≈ 96.1

6b) 2 b

C

A ≈ 180 – 65 – 27.8 = 87.2 A ≈ 87.2 C ≈ 27.8 b ≈ 13.6

6c) A ≈ 97.2
C = B 

6a) A = 180 – 110 – 45 = 25 b b ≈ 4
a ≈ 1.8

2a) 



3.8

4 km
2 km

1 km

km 3
2

1. A 5 km A 7 km 
B 60 B 

x2 = 12

x x ≈ 3.5 km
4 km + 2 km + 3.5 km = 9.5 km

3. 2
30 1 m 2

2.

2 40 m 42 m 42 m 120
m2 

2

4. 2 



4. a b ABCD BD 
ABD CDB 1  2 

ABD 
ΔABD ΔCDB 

2. 2 

3. a 

1.9 m

1

C ≈ 180 – 120 – 55.6 = 4.4

2

1. B x x 

3.8

  

x x = 8
8 km 

c C



5

1. 

2. 2 15 20
2 120

3. 38 m
4

4. 30 15

100

30

6. 3
3

5.
PQ 

3.9 



1.6m + 0.7m = 2.3m

2. 

3.9

1. B 
180 – 20 – 110 = 50 a 

b 

30.4 

3. 
x 17 + x 38 

4. B 90 + 15 = 105

x ≈ 111.6 111.6 

x ≈ 13.9 17 + 13.9 = 30.9

30

5. O 3 
OQ = 4 + 3 = 7 OP = 3 + 1 = 4 

PQ 9.6 m

6. 3 

C ≈ 180 – 38.6 – 26.3 = 115.1
38.6 26.3 115.1

3
2.4 m

BA

100



1. AD DC AC BD BC 

2. BC AC DB AB θ 

7. 

a)                    sen θ 
a)                    cos θ 
c) tan θ = 2 cos θ sen θ 
d) sic θ = 7 cos θ sen θ 

8. PQ 

9. A(–3, –1) B(0, 3) C(3, 4) D(4, 1) ABCD 

3. 7 

4. 30 70

5. 50 11

6. 30
60 10

h

30 

60 

3.10



3.10

2. ΔADC 

1. ∆ABC 

ΔABD 

DC 

ΔABC 

10.3 

AOB BOC COD DOE EOA ΔAOB 
(AB)2 = 72 + 72 – 2(7)(7)cos 72 = 2(72) – 2(72)cos 72 = 2(72)(1 – cos 72 )

257.2 

3. 5 AOB BOC COD DOE
EOA 72 (360 5) 

OA OB OC
OD OE 7 

4. d 5. d 



6. 

2 

ABCD

9. 

14.6 

30 
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10. x y

15. ABC 

11.

12. θ 

13. sen θ cos θ tan θ 0 ≤ θ < 90

14.

a)                       90 < θ < 180 sen θ tan θ

b)                    θ 2 tan θ

c) sen θ = 2 θ 1 cos θ sen θ

16.
a) a = 3 A = 60 C = 45 c
b) a = 1 A = 30 B 
c) b = 2 A = 150 a
d) a = b = 2 3 
e) a = 4 b = 1 B = 60 A

17. 2 
12 

18 2 75

3.11 

N



3.11

y

12a)             

12b) r = 1 sen θ = 0 cos θ = – 1 tan θ = 0

12c)              

12d)            tan θ = 2

13a) 150 = 180 – 30 sen 150 = sen 30 cos 150 = – cos 30 tan 150 = – tan 30

13b) 370 = 360 + 10 sen 370 = sen 10 cos 370 = cos 10 tan 370 = tan 10

13c) 450 = 360 + 90 sen 450 = sen 90 , cos 450 = cos 90 tan 450
13d) 535 = 360 + 175 175 180 – 175 = 5

sen 535 = sen 175 = sen 5 cos 535 = cos 175 = – cos 5 tan 535 = tan 175 = – tan 5

17. B 180 – 75 = 105
BC = 12 AC 

(AC)2 = 182 + 122 – 2(18)(12)cos 105 ≈ 579.8 AC ≈ 24.1

24.1 

16d 100 1 

x

B = 120
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•
•
•

6. 

5
9 

•
•
•
•

6
9 

•
•

6

•
•

3 1 2 

5 II
•
•
•
• GeoGebra



1.

1 1. – θ, 90 – θ, 180 – θ

1 2. θ + 180 , θ – 180 , 90 + θ

1 3.

1 4.

1 5.

1 6.

1 7.

1 8.

2.

1 1.

1 2. )

1 3.

1 4.

1 5.

1 6.

1 7.

1 6

2

15 + 6 + 

1

2
1 



1.1  – θ, 90 – θ 180 – θ 

1. 2.2 5 P (a, b) x P'
(a, -b) 

P(a, b) OP = 1 θ x P (cos θ, sen θ) x

– θ x P' 

(1) (2) cos(– θ) = cos θ sen(– θ) = – sen θ 

2. P (a, b) P' (b, a) 

P(cos  θ,  sen  θ) 

P‘ P 90 – θ 
x P' 

1. cos(– θ) = cos θ sen(– θ) = – sen θ

3. P(a, b) P‘(– a, b) y

2. cos(90 – θ) = sen θ sen(90 – θ) = cos θ

x y3. cos(180 – θ) = cos θ sen(90 – θ) = sen θ

(3) (4) cos(90 – θ) = sen θ sen(90 – θ) = cos θ 



6θ 0 ≤ θ < 90

1. cos(– 40 ) = cos 40
2. sen 120 = sen(180 – 120 ) = sen 60
3.

tan 320 = – tan 40

3.                                        

2. tan(– θ) = – tan θ 

4. tan(180 – θ) = – tan θ 

(5) (6) cos(180 – θ) = – cos θ sen(180 – θ) = sen θ 

P OP = 1 x
θ (cos θ, sen θ) y

x 180 – θ
P'

θ 

θ 
θ

1. θ 0 ≤ θ < 90



1.1 

1
3

1 b c d



1.2 θ + 180 , θ – 180 90 + θ 

θ 

θ 0 ≤ θ < 90

θ 0 ≤ θ < 90

a) 200 = 20 + 180 cos 200 = – cos 20
b) 130 = 90 + 40 sen 130 = sen(90 + 40 ) = cos 40
c) 250 = 70 + 180 tan 250 = tan(70 ) 

a) P(a, b) OP = 1 θ x P
(cos θ, sen θ)

x θ + 180 P' 

(1)  (2) cos(θ + 180 ) = – cos θ sen(θ + 180 ) = – sen θ 

b) θ – 180 – (180 – θ) 
cos(θ – 180 ) = cos(– (180 – θ)) = cos(180 – θ) = – cos θ

cos(θ – 180 ) = cos(– (180 – θ)) = cos(180 – θ) = – cos θ

c) 90 + θ 180 – (90 – θ) 
cos(90 + θ) = cos(180 – (90 – θ)) = – cos(90 – θ) = – sen θ 

cos(90 + θ) = cos(180 – (90 – θ)) = – cos(90 – θ) = – sen θ

,
,

,



1.2 θ + 180 θ –180 90 + θ 

θ + 180 θ – 180 90 + θ

cos 210 = – cos(210 – 180 ) = – cos 30

c cos(θ – 180 ) cos θ

2. tan 205 = tan(90 + 115 ) =  tan 115 = – tan(180 – 115 ) = – tan 65

f) 1. tan 290 = tan 110 = tan(110 – 180 ) = tan(–70 ) = – tan 70

2. tan 290 = tan(290 – 180 ) = tan 110 = tan(90 + 20 ) =                

a) c) d) 2 90

θ 90 – θ 

sen θ = cos(90 – θ) sen(90 – θ) 

a) 1. sen 100 = – sen(100 – 180 ) = – sen(–80 ) = sen 80
2.100 = 90 + 10 sen 100 = sen(90 + 10 ) = cos 10

b) 1. sen 215 = sen(35 + 180 ) = – sen 35
2. sen 215 = – sen(215 – 180 ) = – sen 35

c) 1. cos 160 = – cos(160 – 180 ) = – cos(–20 ) = – cos 20
2. cos 160 = cos(90 + 70 ) = – sen 70

d) 1. cos 195 = – cos(195 – 180 ) = – cos 15
2. cos 195 = cos(90 + 105 ) = – sen 105 = sen(105 – 180 ) = sen(– 75 ) = – sen 75

e) 1. tan 205 = tan(205 – 180 ) = tan 25



6

1.3 *

a) R1 OPQ P (cos α sen α) Q
(cos β sen β) P Q

OPQ – β P Q
P'(cos(α – β) sen(α – β)) Q'(1, 0) P' Q'

b c e f 

θ sen2θ + cos2θ = 1

b c e f 

b) sen θ = cos(90 – θ) cos θ = sen(90 – θ)

d(P, Q) = d(P', Q') 

α + β = α – (–β), α – β = α + (–β)
b) c) a) b)

1.1.



cos(α – β) sen(α + β) 

α + β
α – β 

α – β
α + β

a)                                         
ABC

b) α β AH BH 
c) γ = 180 – (α + β) 

AB = AH + BH
sen (α + β) = sen α cos β + cos α sen β 

1.3 



1.4 1

75 = 45 + 30 sen 75 cos 75 tan 75

5 2.6 

75 = 45 + 30

cos 75

tan 75

1.

2. 

(0 30 45 60
90 180 )
120 135 150 210 225
240 270 300 315 330



1.4 

tan 15 = 2 – .

1.

tan 15 = 2 – .

15 = 60 – 45

1
2

cos(45 – θ) = sen(45 + θ)

2.



6

1.5 

a) cos 2θ = cos2θ – sen2θ = 2cos2θ – 1 = 1 – 2sen2θ b) sen 2θ = 2sen θ cos θ

90 < θ < 180 sen 2θ cos 2θ 

cos θ θ 90 180
cos θ 

cos 2θ 

1. 0 < θ < 90 sen 2θ cos 2θ 

3. θ sen 2θ cos 2θ tan 2θ 

2.                          cos 2θ 

4.                        

cos θ cos 2θ = 2cos2θ – 1 

a)
cos 2θ = cos(θ + θ) = cos θ cos θ – sen θ sen θ = cos2θ – sen2θ (1)

sen2θ + cos2θ = 1 cos2θ = 1 – sen2θ (1) 

cos 2θ = cos2θ – sen2θ = 1 – sen2θ – sen2θ = 1 – 2sen2θ

sen2θ sen2θ = 1 – cos2θ (1) 

cos 2θ = cos2θ – sen2θ = cos2θ – (1 – cos2θ) = cos2θ – 1 + cos2θ = 2cos2θ – 1

b)
sen 2θ = sen(θ + θ) = sen θ cos θ + cos θ sen θ = sen θ cos θ + sen θ cos θ = 2sen θ cos θ

2

1

θ 
a) cos 2θ = cos2θ – sen2θ = 2cos2θ – 1 = 1 – 2sen2θ b) sen 2θ = 2sen θ cos θ



1.5 

(θ)
(2θ)

sen 2θ sen θ 

0 < θ < 90 sen θ 

2. sen θ 

3. sen θ cos θ θ 3 sen θ cos θ 
5 2.9 141 4 

3 tan 2θ 2θ
c)

1. cos θ cos 2θ = 2cos2θ – 1 



θ 

a) 

b) a) 

1.6 

1. c) 

2. 1 

2 
1

3.                                  
2 



1.6

1 2

3.                                  

θ 1 – cos θ 
sen θ sen θ

(+)   sen θ

sen θ 

sen θ 

(+) 
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1.7 2

2.            con θ 3 sen cos tan     

1.                       22.5 1 sen 22.5 cos 22.5 tan 22.5

2. θ 4 270 < θ < 360 135 < < 180 2 
sen    cos tan    

1. 

2. cos θ sen cos       tan     

3. sen θ = 180 < θ < 270 sen     cos     tan

1. sen 22.5 cos 22.5 tan 22.5



1.7 2

1 

1.6 2 

1.6 c)
2

2

sen cos cos θ

1b) 1.4 
1b) 



2a)  0 < θ < 90

2c) 180 < θ < 270

2d) 270 < θ < 360

2b) 90 < θ < 180

3. 180 < θ < 270



1. θ 0 ≤ θ < 90

5. sen(α + β) + sen(α – β) = 2sen α cos β 

6. sen 2θ cos 2θ tan 2θ 

9. ABCD AD = 10 DE = 12 BDA = 2 EDA 

a) cos θ 
b) cos 2θ 
c) BD 

1.8 

7. cos 480 sen 480

8. sen θ

3.                                 

4.  

2.



1.8 

3. tan 75 = 2 + 

tan(θ + 45 ) tan(45 – θ) = 1

9a) ∆AED 

9b)                   cos 2θ = 2 cos2θ – 1 

7. 1. 480 = 360 + 120 1.4 2g) 2h) 

2. 480 = 2(240 ) 

9c) ∆ABD 

4a) 4b) 

,

,

,
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2.1 *

tan2θ = 1
tan θ = 1 tan θ = 1

tan θ = –1

2cos θ – 6 = – 4 0 ≤ θ < 360

cos θ 

• tan θ = 1 θ = 45 θ = 180 + 45 = 225

• tan θ = –1 θ = 180 – 45 = 135 θ = 360 – 45 = 315

tan2θ = 1 θ 0 360 θ = 45 135 225 315

tan θ

tan θ

0 ≤ θ < 360

cos θ θ = 0 1 θ 0 360 2cos θ – 6 = – 4 θ = 0

tan2θ = 1 0 ≤ θ < 360

0 ≤ θ < 180
sen θ 0 180



2.1 

2 5

5
5 2

• θ = 30 θ = 180 – 30 = 150

• θ = 180 + 30 = 210 θ = 360 – 30 = 330

θ = 30 150 210 330

θ = 30 150 210 330

• θ = 30 θ = 360 – 30 = 330

• θ = 180 – 30 = 150 θ = 180 + 30 = 210

θ = 60 120 240 300

• tan θ = θ = 60 θ = 180 + 60 = 240

• tan θ = – θ = 180 – 60 = 120 θ = 360 – 60 = 300
tan2θ = 3 θ = 60 120 240 300



• θ = 30 θ = 180 – 30 = 150

• θ = 270 sen θ + 1 = 0 sen θ = – 1 

2sen2θ + 3cos θ – 3 = 0 0 ≤ θ < 360

cos θ 

cos θ 2cos2θ – 3cos θ + 1 = (2cos θ – 1)(cos θ – 1) = 0 

cos θ – 1 = 0 cos θ = 1 θ = 0

2sen2θ + 3cos θ – 3 = 0 0 ≤ θ < 360 θ = 0 60 300

θ = 60 θ = 360 – 60 = 300

0 ≤ θ < 360

y = sen θ 2y2 + y – 1 = 0 

2y2 + y – 1 = (2y – 1)(y + 1) = 0 y = sen θ

2.2 

2cos2θ – sen θ – 1 = 0 0 ≤ θ < 360

2cos2 θ – 3cos θ + 1

2y2 + y – 1 = 0 

cos2θ + sen2θ = 1
cos2θ = 1 – sen2θ sen2θ = 1 – cos2θ

–1 ≤ sen θ ≤ 1 
–1 ≤ cos θ ≤ 1

2cos2θ – sen θ – 1 = 0 0 ≤ θ < 360 θ = 30 150 270

sen θ 



2.2 

θ = 210 θ = 330 .
sen θ – 1 = 0  sen θ = 1 θ = 90

θ = 90 210 330

sen θ + 2 = 0 sen θ = – 2 < –1

sen θ + 1 = 0 sen θ = – 1 θ = 270
– 3 senθ + cos2θ = 3 θ = 270

θ = 60 θ = 120

θ = 60 θ = 300
cos θ + 1 = 0 cos θ = – 1 θ = 180

θ = 60 180 300

c) 
4 sen2θ – 4 sen θ + 3 = (2 sen θ)2 – 2(2 sen θ)( ) + ( )2

θ
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2.3 

0 ≤ θ < 360

θ 45 315 θ 0 360
θ = 45 315

cos2θ θ

0

θ 225 315 θ 30 150
θ = 30 150 225 315

cos 2θ – 2 cos θ + 2 = 0 0 ≤ θ < 360

0 ≤ θ < 360
cos 2θ = 1 – 2 sen2θ



2.3 θ

θ 

θ = 180

θ = 60 180 300 θ = 30 90 150

θ = 90 210 330

θ = 150 θ = 210

cos θ = > 1 

θ = 150 210



0 ≤ θ < 360

2.4 

sen 2θ + cos θ = 0 0 ≤ θ < 360

• cos θ = 0 θ = 90 θ = 270

sen 2θ sen 2θ = 2 cos θ sen θ
θ

•
θ = 180 + 30 = 210 θ = 360 – 30 = 330

sen 2θ + 2sen θ = 0 0 ≤ θ < 360

cos θ = 0 2sen θ + 1 = 0

sen 2θ + cos θ = 0 0 ≤ θ < 360 θ = 90 210 270 330

sen θ = 0 cos θ + 1 = 0

• sen θ = 0 θ 0 180
• cos θ + 1 = 0 cos θ = – 1 θ = 180

sen 2θ + 2sen θ = 0 θ = 0 180



2.4 θ 

θ = 0 180

θ = 0 120 180 240

θ = 0 60 180 300

θ = 30 90 150 270

θ = 90 225 270 315

θ = 0 30 180 330

θ 
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2.5 *

• θ = 30 θ = 180 + 30 = 210

• θ = 180 – 30 = 150 θ = 360 – 30 = 330

0 ≤ θ < 360

tan 2θ = cot θ 0 ≤ θ < 360

0 ≤ θ < 360

sec θ 

sec θ = 0 

• sec θ = 0 0 0 

•

θ 60 120

tan 2θ = cot θ 0 ≤ θ < 360 θ = 30 150 210 330

3

0 ≤ θ < 360 θ = 60 120



θ = 60 300

θ = 135 θ = 225

csc θ = 0 

θ = 30 150 270

θ = 45 315

θ = 30 150

θ = 90 270

2.5 

sec                 cos                 
θ = 135 θ = 225



0 ≤ θ < 360

3. A + B + C = 180 sen(B + C) = sen A 

4. tan 35 = x 

5. θ sen θ cos θ 

1. 0 < α < 90 ,                      sen β cos β tan β 

2. 0 ≤ θ < 360

2.7 

2.6 

1 sen(α + β)



2.6 

θ = 60 120 240 300

0 90 180 θ = 0 180 270

θ = 0 180

θ = 150 330

θ = 90

θ = 30 90 150 210 270 330

θ = 0 45 135 180 225 315

θ = 60 120 240 300

θ = 45 135 225 315
θ = 90 270

θ = 45 225

θ = 90 270

θ = 135 315

m)



2.7 

• sen β = 0 cos β = –1 tan β = 0

•

sen θ = 0 θ = 0 θ = 180
θ = 330 θ = 0 180 210 330

3. A + B + C = 180 B + C = 180 – A
sen(B + C) = sen(180 – A) = sen A.

4. 145 = 180 – 35 125 = 90 + 35 215 = 180 + 35

tan(180 + θ) = tan θ tan 215 = tan(180 + 35 ) = tan 35 = x 

5. 

1.                    0 < α < 90

sen2β + cos2β = 1 

cos θ = 0 θ = 90 θ = 270
θ = 90 270

tan(180 – θ) = – tan θ tan 145 = tan(180 – 35 ) = – tan 35 = – x 


