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f(x) = 4 x x = 3.

f(x) = 4 x
2

x = 2 x = –2 .

1
, f(x) = x + 1 .

(2, 4) (–2, 4)
, f(x) = x2 .

2 ≠ –2 f(2) = 4 f(–2) = 4
f(2) = f(–2)

1.

b) f(x) = x2a) f(x) = x + 1 

a) f(x) = x + 1 f(3) = 4 x f(x) = 4 ?
b) f(x) = x2 f(2) = 4 ?

f A → B A B
a b A a ≠ b f(a) ≠ f(b)

f A → B B A 1
A

2



f(x) = 2x – 6
1

b

f(x)
2

f(x)

f(–2) = f(0) = –6.

b b2 

1.1 
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1.2 

f A → B B A 1

f(x) = –1 
x

f(x) = 1 x
x = 1.  

f(1) = 13 = 1.

f(x) = 8 x
x = 2. 

f(2) = 23 = 8.

f(x) = x2 Rf = [0, ∞[ .

b) f(x) = x3a) f(x) = x2

]– ∞, a[ ]a, ∞[ – {a}
a

1.
B y A 

2. f A → B B Rf

A B y = f(x) 

A B x A f(x) B 

Rf = {f(x) | x
A}

f(x) = |x|

a) f → ; x → x2 x f(x) = –1 ?
b) f → ; x → x3 y f(x) = y y = 1 y = 8 x

a) f → ; x → x2 x2 = –1 x b) f → ; x → x3 y

.

f(x) = x3 Rf = .



2
1

1 b)

• b = b, 

a) • f
• b b f(b) = b, 

b) • f

d) • f(x) = –x2 ]–∞, 0], 

e) 1 

f(x) = –x2 + x

• b ≠ 0 

h) • – {0}, .

c) –2 f

i) –1 f

f) b ≥ 0 b2 ≥ 0 

g) 0 f

1.2 

• b ≤ 0 f(x) = –x2 ]–∞, 0]

2



1.3 *

f A → B 
•

• f Rf B = Rf
f

f

2. 1
f1 [0, ∞[ [0, ∞[

f1 [0, ∞[ → [0, ∞[; x → x2

1. f →[0, ∞[ ; x→x2

2. f

1. 2

1 f 1

f2 [–∞, 0[ → [0, ∞[; x → x2



2

1
2

(f )
(f1)

• f(x) 1
f

• f(x) = x Df = Rf = 
f

, f(x) = x .

b)
c) 112 [0, 10] d) x2 – 2x + 3 = (x – 1)2 + 2, , 0 

e)
f) f(–1) = f(1) = 1.

g) 1 h) 0 

i) 0 

1.3 
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1.4 

f g

, (f g)(x) = 2x – 5.

f(x) g(x) ,

, (g f)(x) = 2x – 2.

, (f g)(x) 
(g f)(x) 

f(x) = 2x + 1 g(x) = x – 3 
(f g)(x) = 2x – 5 (g f)(x) = 2x – 2.

(f g)(x) ≠ (g f)(x).

2 f(x) g(x) f g (f g)(x) 

f g g(x) f(x) 
f g g f f(g(x)) x g f

1. g g(2) = 69.19(2) = 138.38 
$138.38 

2. 2 g(2) = $138.38 
f
f(g(2)) = f(138.38) = 0.53(138.38) = 73.3414.

$ 73.3414 

3. x g(x) = 69.19x
g(x) f(g(x)) = 0.53(g(x)) 

x f(g(x)) = 0.53(69.19x) = 
36.6707x

f(x) = 0.53x
x g(x) =

69.19x x

1. 2 ?
2. 2 ?
3. x

f(x) = 2x + 1 g(x) = x – 3 f g g f

= 2(g(x)) + 1   g(x) f(x) ,



2

1.4 2



1.5 *

(f g)(x) = f(g(x)) g(x) f(x) 

a) f(g(x)) g(x) 
b) g(x) x ?

a) g(x) f(x) 
[0, ∞[

g(x) [0, ∞[
[1, ∞[

g(x) [0, ∞[
x [1, ∞[

Df = [9, ∞[ Dg = D= {x Dg | g(x) Df} g(x) ≥ 9
g(x) Df = {x | x ≥ 9} f g 3x ≥ 9

x ≥ 3 Df g = {x Dg | x ≥ 3} , Df g = [3, ∞[

(f g)(x)

f g Df g = {x Dg | g(x) Df} 

(f g)(x) g(x) Df (f(x) ) Dg (g(x) ) 

b) 

f [0, ∞[ → [0, ∞[; x → g ; x → x – 1 

, Df = [9, ∞[, g(x) = 3x, Dg = , 



2

f

x x2 – 6x + 8.

1.5 
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1.6 

1. 

2. 

f A → B , g B → A 
1. B x (f  g)(x) = x. 2. A x (g  f)(x) = x.
g f f –1 

f –1 (f f –1)(x) = f(f –1(x)) = x y = f –1(x) f(y) = x

h(x) = x

l A→ B 

1. h B→ B; x→ x (h l)(x) = l(x).

2. h A→ A; x→ x (l h)(x) = l(x).

f(x) = 2x + 2 
f(y) = x,

y f(x) = 2x + 2 2y + 2 = x,

, (g f)(x) = x.

, (f g)(x) = x.

(f f –1)(x) = x (f –1 f )(x) = x



0 1

2

y ≥ 0 
y ≥ 0 y ≥ 1 

f) g) h) y f

1.6 



1.7 

a) f f –1 y = x (a,b) f
(b, a) f –1

b) (a, b) f (a) = b f
f –1(f (a)) = f –1(b) 

a = f –1(b).
(a, b) f (b, a) f –1 

c) (b,a) (0, 0), (1, 1), (1, –1), (4, 2), (4, –2).

d) 2

d) 

b) (a, b) f f f –1 (b, a) f –1

c) f(x) = x2 f(x) (a, b) (b, a)

d) c) ?

f A B
1.3

(a, b) f(x) (b, a) 
f –1(x)

a) f(x) = 2x + 2 (a, b) f
(b, a) f –1 

f –1 f

y =
x

(a, b) (b, 
a) 

(a, b) (a, –b)
y = x



a)
b)

1.7    



5

1. (f g)(x) (g f)(x) 

2.

3.

a)
b)
c) b) 
d) b) c) 

4. 3
a)
b)
c) f f –1

5. P(a, b) Q(b, a) l y = x d(P, l) = d(Q, l) 

6.

a) g1(x) = (f1 f2)(x) 
b) g2(x) = (f2

–1 f1
–1)(x) 

c) (g1 g2)(x) (g2 g1)(x) 
d) g1(x) = (f1 f2)(x) ?
e) f1 f2 2 f1

–1, f2
–1, f1 f2 y f2

–1 f1
–1 f2

–1 f1
–1 f1 f2

1.8 



6c) x ≥ 0 (g1 g2)(x) = x, x ≥ –1 (g2 g1)(x) = x.

3d) 4 

2 f(x) = (f1 f2)(x) 

= f1(f1
–1(x)), f2 f2

–1 

= x, f1 f1
–1 

((f2
–1 f1

–1) ( f1 f2))(x) = x
f2

–1 f1
–1 f1 f2

3b) 

4 3 

2b)

1.8   



2a) 23 = 8 log 8 = 3 2 8 3 

b)                                             3 –3 

a b x b > 0 a > 0 a ≠ 1 a
b

b a

8 2 

1.

2.

2.1   

x = –3

x = 3

x



1

2.1   



5
log464 

1
x = log464 x = log464 4x = 64 22x = 26 2x = 6 x = 3 

2

2.2 

b = ac logab = c a > 0 a ≠ 1 logaac = c

x = log216 2x = 16   

x = 4.

9 3

x = –2.

1.

2.a > 0 a ≠ 1 logaac = c

x = log 216 

2. x = logaac ax = ac x = c

logaritmo x = logab ax = b

1. logab = x ax = b
2. ax = b

logaac= c log464 = log443 = 3 



2

2.2   



2.3  *

a M N a ≠ 1

b) log28 – log24 = log223 – log222 log22 = 1

c) 3 log24 = 3log222 log
2
43 = log

2
(22)3

a) MN = ax ay = ax + y b) 

x = logaM x = logaN
M = ax N = ax

M = N

(log24)3 = 23 = 8 log243 = 3log24 = 3(2) 
= 6 
(log24)3 ≠ log243

(logaM)b ≠ logaMb

1.
a) log24 + log28 log232 b) log28 - log24 log22 c) 3log24 log243 d) log282 log243

2.

log24 + log28 = log2(4 8) = log232 

3log24 = log243 = 6 
82 = 43 

1. a) log24 + log28 = log222 + log223 log232 = log225

2. x = logaM y = logaN M = ax N = ay

logaMN = x + y

logaMN = logaM + logaN

c) Mb = (ax)b = abx

bx = logaMb

blogaM = logaMb



d)

h)

2.3  
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x = log 25

2.4 *

2.log48 

1.

2.
c = 10 

10
log10a = log a

10 log25 10 e
e =

2.718281828459045...

c = 2 

log25 = 2.321928095...

1.c = 10

x = loga b ax = b 

10 log ax = log b

x log a = log b

a, b c a ≠ 1 c ≠ 1

a ≠ 1 log a ≠ 0 



100 1

2.4 



2.5 

f ]0, ∞[ → 
x → loga x

a a ≠ 1

f(x) = loga x
1.a > 1 2. f(x) = 0 < a < 1

1. a)             

x = 1 f(1) = log21 = log220 = 0 

x = 2 f(2) = log22 = 1 

x = 4 f(4) = log24 = log222 = 2 

x = 1 

x = 2 

x = 4 

1. a) f(x) = log2x

b) f(x) = log2x  2 
b) 

2. a) 

b) 0 < a < b log2a < log2 b
f(x) = log2x

b) 0 < a < b

f(x) = loga x (1, 0) (a, 1)

2. a)            



2.5 
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2.6 

2. 

1. f(x) = log2x g(x) = 2x 4 2.1

1. f(x) = log2x g(x) = 2x (a, b) f (b, a) g

2.

alogax = x

1. y = logax y = ax y = x a > 0 a ≠ 1 

2. 2 a b a > 0 a ≠ 1 logaab = b alogab= b
b > 0

3.

4. y = ax y = 0 y = logax x = 0 

5. ]0, ∞[

6.



y = x

2.6 



2.7 1

x

M x loga M = b loga M = b ab = M
ab = M M > 0 

1.

2.

a) 
log2x = 3 x = 23 x = 8

8 > 0 x = 8 

b) 
log3(x – 1) = 2 x – 1 = 32 x – 1= 9 x = 10

c) 

( 25)2 > 0 
x = 25 x = -25 

10 – 1 = 9 > 0
x = 10 

d) 3x(x + 1) = 62 

x = –4 3(–4)(–4 + 1) = 36 > 0

x = 3 3(3)(3 + 1) = 36 > 0
x = -4 x = 3



c) 2.3
3

2

2.7 
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2.8 2

logaM = logaN M = N

a) 

logaMb = blogaM M
b

x = 1
2(1) = 2 > 0 2 + 1 = 3 > 0

x = 1

2.

x = 2 2 > 0 2 – 1 = 1 > 0 
x = -1 –1 < 0 

x = 2

logaM = b

1. M N

x = –9



x = 4 x = -2
x = 4 4 > 0, 4 – 2 = 2 > 0 
x = -2 –2 < 0 

x = 4

x = 8 3(8) = 24 > 0, 8 – 2 = 6 > 0 
x = 8

x = 7 (7 – 3)9 = 49 > 0 
x = 7

x = 2 2 + 1 = 3 > 0, 22 – 2 + 1 = 3 > 0 

x = 2

x2 = –6 x2 = 4
x = 2 x = -2

x (x2 + 1)2 > 0 
x = 2 x = -2

x = 0 0 + 1 = 1 > 0, 1 – 0 = 1 > 0 
x = 0.

2

x = 10 x = -6
x = 10 (10 – 2)6 = 86 > 0 
x = -6 (–6 – 2)6 = 86 > 0 

x = 10 x = –6

x2 = 4 x2 = 2

x (x4 – 6x2 + 16)4 > 0 
x = 2 x = 2

2.8 



2.9 10 *

1. a 10 log a

2. a log a m

3. a logea e = 2.71828... logea = ln a

2. 2 2019

3.

22 019 m

1 607 ≤ log 22 019 < 608 
22 019 608 

1 2 3 4

n n 10m–1 ≤ n < 10m

m

1.log 22019  = 2019log 2 = 607.77956...

2.

1. log 22019

2. 22019 

5

10m–1 ≤ n < 10m 10 
> 1 m – 1 ≤ log n < m

n 100 ≤ n < 101 1
n 101 ≤ n < 102 2
n 102 ≤ n < 103 3

1.



2.5

2

10

1a) log 32 019  = 2 019log 3 = 963.3078...
32 019 964

1c) log 2 0192 019 = 2 019log 2 019 = 6 673.07022...
20192019 6674

2.r 2r 2019

1b) log 51 000 = 1 000log 5 = 698.970004...
51 000 699

2019 2 26 704 26 705 26 706 

2.9 10 
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1.

2.

3.

4.

5.

6.

8.11 100

7.

2.10 



7a) 2350  106 7b) 31234 589

8. n 11n 100

100 11 1196 

6g) 

7c) 498765 59463

2.10 



3.1 

AA ∆POA ∆P'OA'

r’ =        

rx≠0

1. θ O θ r
θ

2. r ?

2. θ
'(x', y')

P 1

A P x A' P' x

1.
2. θ
3. θ senθ cosθ tanθ
4. sen θ cos θ tan θ θ

sen cos tan

2. ‘ cosθ senθ

1. P(x,y) θ



y = 3x y = x

3.1 P



5

3.2

P 

1. O 1 TC

2. P(x, y)
θ

P(x, y) = P(cos θ, sen θ)

3. θ TC cos θ sen θ

2. sen cos

2. POA P P(x, y)
A x P

1. 1 60

2. P(x, y)

P(cos θ, sen θ) = P(x, y)

1. θ TC P(cos θ, sen θ)



1

30 45 60

sen cos
1

2

3.2 θ P(cos θ, sen θ) 



1. 

sen(–330 )

2. sen cos

3.3 sen cos

P(cos 30 , sen 30 ) = 

390 30 360

30

P(cos 390 , sen 390 ) = 

θ α = θ + 360 θ α 

P(cos θ, sen θ) = P(cos(θ + 360 ), sen(θ + 360 ))

x f(x) = f(x + t) t f
sen cos

TC



sen cos
30 45 60

;

3.3 360 0 sen cos



5

1. tan

3.4 tan

a) P(cos θ, sen θ) Q
b) α 
c) tan α

θ
Q(cos(θ + 180 ), sen(θ + 180 )) = Q(–cos θ, –sen θ)

tan tan(θ 180 ) = tan θ

2. tan tan(θ + 180 ) = tan θ

P'(–x, –y) 
P(x, y)

a) TC Q =       
= 1. Q (–cos 30 , –sen 30 ) 

a) Q P
Q(-cos 30 , -sen 30 )

b) A(1, 0) B(-1, 0) BOQ = AOP = 
30 α = 180 + 30 = 210

c) Q(-cos 30 , -sen 30 )

b) A(1, 0) B(–1, 0) {0> <0}BOQ = 
{0> <0}AOP = 30 α = 180 – 30 = 150

c) Q(cos(–30 ), –sen(–30 )



tan
sen cos tan

tan
2

1 a) 2 1
180 180

tan (e) (h) tan
180

3.2

3.4 180 0 tan



1. y = sen θ

2. 

2. θ

y = sen θ

TC sen [-1, 1]

y = sen θ [–1, 1]

2. f(θ) = sen θ [-360 , 0 ] 

3.5 sen

f(θ) = sen θ Df = Rf = [–1, 1]

f(θ) = sen θ θ f(θ + α) = f(θ) α
f(θ + α) = f(θ) α > 0 f sen 360

θ (θ + 360 n) = sen θ

1. [0 ,450 ] sen

720

y = sen θ [–1, 1]



sen

360

30 45 60
x

3.5 sen



5

1. y = cos θ

2. 

2. f(θ) = cos θ [–360 , 0 ]

3.6 cos

2. θ
y = cos θ

TC cos [–1, 1]
y = cos θ [–1, 1]

f(θ) = sen θ Df = Rf = [–1, 1]

f(θ) = cos θ cos 360 θ
n cos (θ + 360 n) = cos θ

1. cos [0 , 450 ]
720

y = cos θ [–1, 1]



sen cos sen cos
2

3.5 cos



3.4 tan

1. P' x=1 a=1
tan

P'(a, b) = P'(1, tan θ)

2. x=0 θ = 90 θ
= 270 (0, 1) (0, –1)

180 x = 0
90 + 180 n

n

x=1 P(x, y) TC θ
OP x P'

1. θ P'(a, b)

2. θ y = tan θ

θ tan
1. θ
2. (O ) x=1
3. P' P' y tan θ

tan θ
θ = 90 + 180 n n

tan



sen cos
tan

x = 1

tan
P' y

3.7 tan



5

1. θ 90 -90 tan θ

3. y = tan θ
4. y = tan θ

3. n θ = 90 + 180 n y = tan θ

– {90 + 180 n | n }.

4. y = tan θ

2. ]–90 , 90 [ y = tan θ

2. 

3.8 tan

θ 90 tan θ

–90

θ –90 tan θ

θ = 90 θ = –90

f(θ) = tan θ - {90 + 180 n | n } n θ =
90 + 180 n tan

f(θ) = tan θ tan 180 n tan (θ +
180 n ) = tan θ

1. 90

tan f(θ) = tan θ ]–270 , 270 [



tan
; sen cos

tan

3.8 tan



1. 

f2(θ) = 2sen θ f1(θ) = sen θ
y 2

g2(θ) = cos 2θ g1(θ) = cos θ
θ

f(θ) = Acos θ f(θ) = cos Bθ

( |B|) )

3.9 

[0, 360 ], 

2. a) g1(θ) = cos θ [0 , 360 ]
g2(θ) = cos 2θ [0 , 180 ]

1. f1(θ) = sen θ
f2(θ) = 2sen θ [0 , 360 ]

b) g2 (θ + 180 ) = g2 (θ) 
360

f(θ) = A sen θ |A|
[-|A|, |A|] sen θ y A

B 0 f(θ) = sen Bθ



1

3.9   y = Asen θ y = sen Bθ



5

f2(θ) = sen θ + 1 f1(θ)=sen θ
1

3.10 

a) f1(θ) = sen θ y f2(θ) = sen θ + 1; [0 , 450 ] b) g1 (θ) = sen θ y g2 (θ) = sen θ – 1; [0 , 450 ]

sen(θ + 1 ) sen θ + 1 

f(θ) = sen θ + k sen θ k
• k > 0 • k < 0 

f(θ)= sen θ + k [–1 + k, 1 + k]

cos θ f(θ) = cos θ + k

f(x) + k f(x) k > 0 k < 0 

a) b) 

[0, 360 ] 

g2(θ) = sen θ – 1 g1(θ) = sen θ
1



sen cos y = sen θ + k
sen θ k

3.10   y = sen θ + k



f2(θ) = sen(θ – 90 ) f1(θ) = sen θ
90

g2(θ) = cos(θ + 90 ) g1(θ) = cos θ
90

3.11 

f(θ) = sen(θ – α) sen θ α
• h > 0 • α < 0

cos θ f(θ) = cos(θ – α) 

f(x – h) f(x) h
• h > 0 • h < 0

[0, 360 ] 



sen cos sen cos

3.11   y = sen(θ – α)



5

3. [0, 120 ] f1(θ) f2(θ)
4. [0 , 360 ] f2(θ)
5. f2(θ) f(θ) 2

2. Asen Bθ α

f(θ) = Asen B(θ – α)

1. f(θ) = sen θ
2. Asen Bθ
3. f(θ) = Asen B(θ – α) α 

3.12 

3 4. f1 f2
5. 

f2(θ) = 2sen 3θ y f(θ) = 2sen 3(θ – (–30 ))

1. 1

f(θ) f2(θ) = 2sen 3θ 30

1 2

[0, 360 ] 

2. 2

A ≠ 0 B ≠ 0 f(θ) = Asen B(θ – α)
1. |A| [–|A|, |A|]

[0 , 360 ] f(θ) = 2sen (3θ + 90 ) 
1. f1 (θ) = sen 3θ, f2 (θ) = 2sen 3θ y f(θ) = 2sen(3θ + 90 )
2.

f(θ) = 2sen(3θ + 90 ) = 2sen 3(θ – (–30 ))



f(θ) = – sen(4θ + 240 ) = –sen 4(θ + 60 ) = –sen 4(θ – (–60 ))

c) 180 2
30 X 60

3.12   y = Asen B(θ – α)

b)

f(θ) = 3cos 2(θ + 45 )= 3sen(2θ + 90 ) = –3sen 2θ



0 θ 360 θ , θ0 

θ 360 rad

3.13 

2. 

1. 

1. 45 TC

2.                         α 

θ
rad

2. TC

30

r θ

1. TC r = 1
45

120

t θ

1 1

t t t rad ( t)



3.13



5

4.
a) f [-90 , 90 ] → [-1, 1] ; θ→ sen θ

b) 3.6

5. TC tan 1 + tan2 θ =                   

10. 

11. 45 9cm

12. 5cm 12cm

9. 

3. 

8. 

1. 3.2 θ P(cos θ, sen θ)

2. TC sen cos sen2θ + cos2θ = 1

6.
a) (0,1) TC y = 1 
b) θ y = 1 OP R(0,1) P(cos θ, sen θ) ) Q

7. 

1.7 

Q(a, b)



f f Rf = [–1, 1]
f f

θ d(P, O) = 1

tan cos(θ + 180 ) = -cos θ -cos θ

n θ≠90 180 n

3.14 

6b)



120

tan 2θ; [0, 270 ]; 90

10801

2

2
90

[–2, 2]

1 72

3604 360

9b) f(θ) = 4sen(2θ + 120 )  
4
180

[–4,4]

tan (θ – 90 ); [0, 360 ]; 180

60

[–2, 2]



a) t

500 4 4 3 1

2. 

3.

4. C r% t 1 n t

3.15 

8. 3.14 4

9. θ

n

( 287-212

π

W. (2004) Viaje a través del genio

10. π 1

a) b)

5. P(t) = C(1 + r)t C
r t 2017 6,172,011

0.3
a) 2030

b) 700

6. n 2n k 2n + 1 k 2n – 1 k

7. tan

b) 2
c) 750

1. 
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x = 1

2060 700

3a) Df = ]1, ∞[, Rf = , x = 1
si y = f–1(x) f(y) = x log3 (y – 1)  = x y – 1 = 3x y = 3x + 1 f–1(x) = 3x + 1.

6. 2n k k - 1 log 2n < k log 2n

1 - log 2 k – 1 
≤ log 2n + log 2 < k
k – 1 ≤ log 2n + 1 < k 2n + 1 k

log  2n log 2 
k – 1 ≤ log 2n – log 2 < k

k – 1 ≤ log 2n – 1 < k
2n – 1 k

log 2 < 1 - log 2 log 2n

2n k 2n = a 10k – 1 1 ≤ a < 10

≤ a < 5 2n + 1 = (2a) 10k – 1 2 ≤ 2a < 10
2n + 1 k

5 ≤ a < 10 
2n – 1  k

x = 0 x = –2

The World Factbook 2017”

3.15 

541.43



0 ≤ sen θ ≤ 1 0 ≤ sen2θ ≤ sen θ –1 ≤ sen θ < 0 0 < –sen θ ≤ 1

OM ∆OAM MOA = 22.5

AP = 2sen 22.5 p
= 4AP = 8sen 22.5 = 3.06146...

θ 0 ≤ |sen θ| ≤ 1 0 ≤ |sen2θ| ≤ |sen θ| ≤ 1 0 ≤ sen2θ ≤ 1

∆OAM

∆OAP AP = 2AM AMO = 90



5

GeoGebra ( )

1.
(Vista Gráfica)

X (EjeX)
π / 2

b) (Vista Gráfica)

d) (Distancia)

2.
a) ( ) (Entrada) sen x

b) ( )

(Entrada) a = f(90 ) b = f(90) c = f(π / 2)
b = f(90) 90

GeoGebra

4.1 GeoGebra

3.
g(x) = 2sen x (Entrada) g(x) = 2*f(x)

4. a>0 f(x) = asen(x)
(Deslizador)

a) (barra de herramientas) (Deslizador)

b) (Vista Gráfica)

c) (Nombre)
a (Mín) 0 (Máx) 5

(Incremento) 0.1 OK(OK)

d) f(x) = sen x

e) g(x) = asen x

f)

g)



6. 

a) f(x)=cos x b) g1(x) = cos (x – 30 )
c) h1(x) = cos (x + 60 ) d) g2(x) = cos(x) + 3
e) h2(x) = cos(x) – 2

1. 3.14 8
2. 3.14 9
3. B (Mín) 0 (Máx) 5 (Incremento) 0.1

f(x) = sen x g(x) = sen Bx B g

4.

5.

a) f(x)=cos x
b) cos 3x (Entrada) g(x)=f(3x)
c) cos (Entrada) h(x)=f(x/3)

GeoGebra



(Entrada) 2cos (6x – 120 )

(Entrada) 4sen (2x + 120 )

(Entrada) –2cos (4x + 180 )

(Entrada) (1/2)sen(3x – 225 )

3. (barra de herramientas) (Deslizador) (Vista Gráfica)
B (Mín) 0 (Máx) 5 (Incremento) 0.1

OK(OK) (Entrada) f(x) = sen x (Entrada) g(x) =
sen Bx

4. (barra de herramientas) (Deslizador)
(Vista Gráfica) k (Mín) –90 (Máx) 90

(Incremento) 0.1 OK(OK) (Entrada) f(x) = sen x
(Entrada) g(x) = sen (x – k)

(barra de herramientas) (Deslizador)
(Vista Gráfica) c (Mín) –5 (Máx) 5

(Incremento) 0.1 OK(OK) (Entrada) f(x) = cos x
(Entrada) g(x) = cos x + c

GeoGebra

x

(Entrada) ( )

(Entrada) sen (5x)

(Entrada) cos (x/3)

(Entrada) 4cos x

(Entrada) (1/2)sen x

2
10

9

4.1 



5

4.2 GeoGebra ( ) ( )

( )

1.

a) (Barra de Herramientas) ( ) (Circunferencia [centro, punto])
b) O(0, 0) A(1, 0)

2.

a) P
b) (barra de herramientas) (3 2 ) Ángulo[tres puntos o dos rectas]

c) A O P α

3. α x
P y y

senα

a) Entrada S = (α, y(P)) 
(Enter)



5. ( )
a) S
b) (Rastro)
c) P

4. x
a) (Vista Gráfica) ( )
b) (Vista Gráfica)
c) X (EjeX)
d) (Distancia) π / 2

( )



( )

( ) (
)

( ) ( )

1. ( )

2. ( )

3. α x ( ) P y y
( cosα ) (Entrada) R = (α, x(P)) (Enter)

4. x ( )

5. ( )
a) R 
b) (Rastro)
c) P

4.2 ( ) ( )



5

4.3 GeoGebra ( )

( ) ( ) ( )

(Lógica) IF

1. (Entrada) (Ayuda de Comandos)

2. (Lógica) IF (Si)
2 3

(Condición)

(Entonces)

(Si no)

a 
b 0

a
b a

3. (deslizador)a b a
b 0 a b a

a) (deslizador) (Nombre) a
(Mín) –5 (Máx) 5 (Incremento) 1

b) (Entrada) b = Si
Si Si(IF ) (Lógica)

c) a
(Condición) a<0 a<0

0 a<0
a



( )

4.
a) (Barra de Herramientas) ( ) (Circunferencia [centro, 

punto])
b) O(0, 0) A(1, 0)
c) x = 1

5.
a) A(1, 0)
b) P
c) (barra de herramientas) (3 2 ) Ángulo[tres

puntos o dos rectas]
d) A O P α

6. ( )
a) O P
b) x = 1 Q
c)

7. α x ( ) P y y
( tanα )

a) θ

b) T
(Entrada) T = (θ, y(Q)) (Enter)

8.
a) x π
b) T (Rastro)
c) P



( )
GeoGebra

GeoGebra IF

IF (
)

( ) 3.14 6 RQ = cot θ

1.
a) O(0, 0) A(1, 0)
b) y = 1

2.
a) P
b) A O P α

3. ( )
a) O P
b) y = 1 Q
c)

4. α x ( ) Q x y
( cotα )

(Entrada) U = (α, x(Q)) (Enter)

5.
a) x π
b) U (Rastro) P

4.3 ( )



5

2. (Deslizador) n
(Mín) 3 (Máx) 100 (Incremento) 1

3. α
a) A O 360 /n OK(OK)
b) (Nombre) B

4.
a) (Polígono regular) A B

4.4 GeoGebra

1. 
O(0, 0) A(1, 0)



(Vertices) n

10. β
a) O1 O α OK(OK)
b) O2

11. O1 O2 n

10 3 ( π )

5. (Geometría)
(Área)

6.

7.

8. π π

9.
(Segmento de longitud dada) OO1 (Longitud)

O1 x

1



π

GeoGebra
π

π 5 6
8

4.4 π



6

•
•

6

4
•
•

3 1 2 

2

•
•
•

4 I
• n
•



1.

1 1.

1 2.

1 3.

1 4.

1 5. (1)

1 6. (2)

1 7.

2.

1 1.

1 2.

1 3. (1)

1 4. (2)

1 5.

1 6.

1 7.

1

2 3 

4 + + 



1

2



1.1 

b) 90 2 1
3 2 4 3 5 4

6 5 7 6
7

c) 

a) L
4 6

23 + 7 = 30 

b) 7

c) 

a) 5 6 7

1 2 43

4 6

1 2 3 4 5 6

b) 7

?
1 2 3 4 5 6 7

c)
?

1             2             3             4             5            6             7             8    

??

?
1          2          3          4           5         6         7 

1             2             3             4             5            6             7  

a) 4 6

?



7 4

a) 

1 2 = 1 2 2 6 = 2 3 3 12 = 3 4 4 20 = 4 5

5 6 7
5 6 7

b) 1 P

1 90 2 2 180 3
3 90 4 4 180

5 7 6 180

7

c) 

1 2 3 4 5 6  

1.

1 2
2 2 + 2 2 = 6
3 6 + 2 3 = 12
4 12 + 2 4 = 20
5 20 + 2 5 = 30

7 
42 + 2 7 = 56.

2.

1 1 2 = 2
2 2 3 = 6
3 3 4 = 12
4 4 5 = 20
5 5 6 = 30

7 
7 8 = 56.

1.1 
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d) n 3n

1.2 

a)
b) 8 9 
c) 20 100 
d) n

a) 3
3

b) a) 8 9 3(8) = 24 3(9) = 27

c) 3 3(20) = 60 20
3(100) = 300 100

an n a1 = 3, a2 = 6, a7 =
21, an = 3n

n n an =
3n

20 41 101 

n 1
n –1

3

a1, a2, a3, ..., an, ...,  

? ?



1.
a) 2, 4, 6, 8, ... 42

c) 1, 4, 9, 16, 25, ... 11

b) 1, 3, 5, 7, 9, 11, ... 21

d) 1, 8, 27, 64, 125, ... 8

f) 2, 0, 2, 0, 2, ... 10 55e)                           ... 954

an = (–1)n n

, 20 41 101 a20 = (–1)2020 = 20 a41 = – 41 a101 = – 101 

Tn

3

2. an

3. 5 T5 

1 2

• 5 •

4 5

• 5 6 

2T5 = 5(6).

1, 1, 2, 3, 5, 8, ...

1175



1f) 2 0 

2. an = 1 – (–1)n

n
1a) 2 = 2(1) 4 = 2(2) 6 = 2(3) 8 = 2(4) an = 2n a42 = 2(42) = 84.

1b) 2n – 1 n
= 1 1 an = 2n – 1 a21 = 2(21) – 1 = 41.

1c) 1 = 12, 4 = 22, 9 = 32, ... an = n2

a11 = 112 = 121.

1d) 1 = 13, 8 = 23, 27 = 33, 64 = 43, ... an = n3

a8 = 83 = 512.

1e) 1

a10 = 0 a55 = 2.

2a) a1 = 4, a2 = 7, a3 = 10, a4 = 13, a5 = 16.

2c) a1 = 1, a2 = 0, a3 = –1, a4 = –2, a5 = –3.

2b) a1  = 2, a2  = 6, a3  = 10, a4  = 14, a5  = 18.

2d) a1 = –2, a2 = 1, a3 = 6, a4 = 13, a5 = 22.

3. Tn n n

2Tn n
n + 1 n(n + 1) 2Tn =

n(n + 1)

.

1

1.2 

n 2
n 0

.
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1.3 

1
2

3
4

a) 10
b)
c)
d) 1 10 2 9 3 8 

a)

b) 

d) 1 10 2 9 3 8 4 7 5 6
24

c) 
2



a) 11 – 5 = 17 – 11 = 23 – 17 = 29 – 23 = 35 – 29 = 6
6

b) 0 – (–3) = 3 – 0 = 6 – 3 = 9 – 6 = 12 – 9 = 15 – 12 = 3
3

c) 7 – 5 = 2 2 – 1 = 1

d)

e)2 e –4 – (–4) = 0
0

f) 7 – 11 = 3 – 7 = –1 – 3 = –5 – (–1) = –9 – (–5) = –4
–4

1.3 



1.4 *

1. 1.3

2. 1 7 11 20 100 

an n – 1 2 an = a1 + 2(n – 1) 

a1 = – 2 d = 6

4 = n – (n – 4)

an = a1 – d + dn
an = – 2 + 6(n – 1) an = – 8 + 6n

1.3

an–1 an

an = – 2 + 6(n – 1) 4 12 17 99 a1 

n

d an = a1 + d(n – 1) 



1c) 

1.4 

d

1 2
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1.5 1*

b) a) 

(2) n – 1 n(n – 1) 1 + 2 + 3 
+ + n – 3 + n – 2 + n – 1 

a) d) 
a) 1 + 2 + 3 + + 28 + 29 + 30 

b) 1, 2, 3, ... n – 3 n – 2 n – 1
c) an = a1 + d(n – 1) n Sn

d) an = 1 + 2n 10

c) n

n

1 + 2 + 3 + ... + 28 + 29 + 30 30
31 30 31(30) 

(1) 1 + 2 + 3 + + 28 + 29 + 30 

1 + 2 + 3 + ... + 28 + 29 + 30 = 465.

a1 + an

d –d

a) 30 + 29 + 28 +   + 3 + 2 + 1 

a)



a1 + a2 + a3 + + an–2 + an–1 + an i 1 i n ai

1.
a) an = –6 + 6n 21 
b) an = 11 – (n – 1) 28 
c) an = – 4 + 5(n – 1) 77 
d) an = 0.5 + 2(n – 1) 33 

2.

Σ 

d) an = 1 + 2n 10 10

a10 = 1 + 2(10) = 21.

10

n

d

30

1 2 3 4



1b)  an = 11 – (n – 1) a1 = 11 a28 = –16 

1a) an = –6 + 6n a1 = 0 a21 = 120  

1c) an = – 4 + 5(n – 1)  a1 = – 4 a77 = 376 

1d) an = 0.5 + 2(n – 1)  a1 = 0.5 a33 = 64.5 

2. (a, b) a
b

9 10
24 15

an = 9 + 15(n – 1) 2n

a15 30 30

9 + 15(14) = 219.

1.5 

a) 30 b) n – 1

c) n
c)



6

1.6 2

1 845 an = 5 + 2(n – 1) 

n 1 845

n(n + 4) = 1 845 n2 + 4n – 1 845 = 0 (n + 45)(n – 41) = 0.

n = –45 n = 41 n
1 845 an = 5 + 2(n – 1) 41

b) an = 3 + 4(n – 1); 1 081

d) an = 5 – 2(n – 1); – 391

2. 1064 2, 8, 14, ... 

n

a) an = – 1 + (n – 1); 434

c) an = – 3 + 3(n – 1); 270

e) an = – 4 – 7(n – 1); –129 1 081 391 
23 

1. 

217 7 

1777 4 30 1855 2 23

7 15

1 100

100+1=101,
99+2=101, 98+3=101, 100 50
101 5050

Dunnington, G. W., Gray, J., Fritz-Egbert Dohse Carl Friedrich Gauss
Titan of Science MAA



1a) an = – 1 + (n – 1) a1 = –1 d = 1 

n = 31 n = – 28 434 31

1b) an = 3 + 4(n – 1)  a1 = 3  d = 4 

1c) an = – 3 + 3(n – 1) a1 = – 3 d = 3 

n = – 12 n = 15 270  15 

1d) an = 5 – 2(n – 1)  a1 = 5 d = –2 

1e) an = – 4 – 7(n – 1) a1 = –4 d = –7 

1f)  an = – 100 + 4(n – 1) a1 = –100 d = 4 

n = 0 n = 51 0 51 

2. a1 = 2 d = 6 

.

n = 23 1081 23

n = 6 –129 6 

n = 19 1064 19

n = – 17 n = 23 –391 23 

1.6  



1.7 

1. 2 12 4 22

2. 5 –11 10 –26 7

3. a9 = – 5 a15 = 31 a20 

4. 8 8 20 44

5. 7 –25 9 –35 10

6. a5 + a6 + a7 + a8 + a9 + a10 = 219 a7 = 34 an

7. a1 = 43, a2 = 37, ... , n

3 27 5 35

an d an = a1 + d(n – 1).

a3 = 27 a5 = 35 

a5 = a1 + d(5 – 1) = a1 + 4d = 35.

d = 4 a1 + 2(4) = 27 a1 = 27 – 8 = 19.

a1 = 19 an = 19 + 4(n – 1) = 15 + 4n.



1. a2 = 12 a4 = 22 

3.
a1 = – 53 d = 6

4. a8 = 8 a20 = 44 

2. a5 = –11 a10 = –26 

a1 = 7 d = 5 a1 = 1 d = –3 

7 a7 = 1 –
3(6) = –17.

a1 = –13 d = 3 

an = –13 + 3(n – 1) = 3n – 16.

an = 7 + 5(n – 1) = 5n + 2.

a20 = –53 + 6(19) = 61.

5.
a1 = 5 d = –5 

7. d = a2 – a1 = 37 – 43 = –6 .

n(92 – 6n) < 0. n < 0 92 – 6n < 0 n

n < 0 92 – 6n < 0 .

n = 16 

7
9 2d 2d = 

a9 – a7 = –35 + 25 = –10.
d = –5.

1.7 

6. a5 + a10 = a6 + a9 = a7 + a8 

a5 + a6 + a7 + a8 + a9 + a10 = 3(a7 + a8) = 219 a7 + a8 = 73.

a7 = 34 a8 = 73 – a7 = 73 – 34 = 39 d = a8 – a7 = 39 – 34 = 5; ,
a7  = a1  + 5(6)  a1  = 34 – 30 = 4.

an = 4 + 5(n – 1) = 5n – 1.
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3 2 4 1

4 3 4

b) 4

c)

1. *

d) 

:

a) 1 1 4

1 2 3 4

b)
c) b 7
d) 3

a 1 1 4 2 1
4 1



a) 4 2 = 2

b) 3 1 = 9 3 = 27 9 = 81 27 = 3
3

c) –6 3 = 12 –6 = –24 12 = 48 –24 = –96 48 = -2
–2

d) 

2.1 



2.2 *

2.1

an n – 1
a1 = 1

r a = a1rn-1

2 9

3
9

n

2. 
1 1 9

an–1 n – 1 an

1. 2.1



1a

2. 

1 1 1 9 9

2 1 1 9

3 2 1 9

4 3 1 9 

n

1d

2.2 

r

n a1

3 4



3. 2 a1 = 1 5 n = 5

6

2.3 1

1. S = 1 + r + r2 + r3 + ... + rn – 3 + rn – 2 + rn – 1 r
rS = r(1 + r + r2 + r3 + ... + rn–3 + rn–2 + rn–1) = r + r2 + r3 + ... + rn–3 + rn–2 + rn–1 + rn.

S rS

S 1-r = 1-rn r≠1 S S = 

an = a1rn-1

1. an = 15 2 n-1 6

2. an = 3 –2 n-1 6

3. 5

a1, a2 = ra1, a3 = r2a1, a4 = r3a1, ... , an–2 = rn–3a1, an–1 = rn–2a1, an = rn–1a1.

r≠1 r = 1 S = n
1 n

2. n

r = 1

r = 1 na1

1. S = 1 + r + r2 + r3 + ... + rn – 3 + rn – 2 + rn –1 S - rS S
2. an = a1rn –1 n
3. . 5

4. 5

r = 1
r ≠ 1



2. r≠1

3. 

4. 

2.3 

r n
r

a1

2

1. r≠1



d

2.4 2

1
2 −4 102.5

n
n -4 n = -4n 1 4n = 1024

4 1024 1 024 = 45 4n = 45 n = 5

102.5 5

e   

c 4 –20 100 -500 ... –10416

2. 1 –1 1 –1 1 ..

3. 1

f

1 3
2

2 2 3
4

a) n
b) 10
c) 0.1

1. 

a 1 2 4 8 16 ... 511 b 2 6 18 54 ... 2186



511 9

6

6

2. 1 – 1 + 1 – 1 + 1 – 1 + .
0 1

3a

1 2

2 2 2
3 2

2 2 2 = 4

3 4
3 + 4

7

7 2186

2.4 

1a r = 2 a1 = 1



3b 1 2
3 10

10

n a 1 + 21 + 22 + 23 + 24 + + 2n–1

3c 3b n

n 10. f(x) = log x

n 5.6788 ... 6 0.1
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2.5 

1. 4 1 7 5

2. 3 3 4

3. 5 48 8 384 12

4. 2 6 18 ... 13122

5. 2 5 10 1250 31250

6. 3 28 6 224 6

3 20 8 –640

an r a = a1rn –1

a3 = 20 a8 = –640 a3 = a1r2 = 20 a8 = a1r7 = –640 a8 a3

r5 = -32 (–2)5 = – 32 r = –2

a3 a8 r = –2

a3 = a1(–2)2 = 4a1 = 20 a1 = 5.

an = 5(–2)n–1

2

2
rn = c n c r



1. . . . 

2. a1 = 3 

3. a5 = 48 a8 = 384 r = 2

5. a2 = 10 a5 = 1250 r = 5

6. a3 = 28 a6 = 224 r = 2 a3 = 28 = 
a1(22) a1 = 7

•

•

a12 = 16 384 = 6144

a2 = a1 5 10 = 5a1 a1 = 2

an = 2 5 n – 1 = 31250 5 n – 1 = 15625 = 56 n-1 = 6 n = 7

31250 7

4. 2 3

an = 2 3 n – 1 = 13122 3n – 1 = 6561 = 38 n-1 = 8 n = 9

13122 9

3 a12

2.5 



1. 1 4 7 10 ..

2. 2 3 30

3. a50 = 29 d = –3

6. 5 + 9 + 13 + +401

7. 66 –9 –6 –3 ...

8. 74 26 21 16 ...

9. 3 6 12 24 .. 6

10. 7 192 2 4

11. a8 = 16 r = -4 a12

12. 123 + 6 + 12 + + 6144

13. 2049 an = 3 –2 n – 1

14.              11

4.                                 17

5.                            12

2.7 

2.6 

1. 10

2. 4 10 6 16 n

3. 5 17 2 11

4. 6 8 11 -2

5. 290 2 8 14 ...

6. 5 2 8 3 11 32

7. a b x2-3x + A = 0 c d x2-12x + B = 0 a b c d
A B



4. a1 = 2 y .

5. y            .

6. 1 5 4

5 + 4(n – 1) = 401 n – 1 = 99 n = 100.

7. d = 3 a1 = –9

n = 11 n = –4 66 11

8. an = 26 – 5(n – 1).

n = 4. 74 4

9. 3 2 an = 3(2n – 1). a6 = 3(25) = 96.

10. a7 = 192 = a1 26 a1 = 3
a1 = 3, a2 = 3 2 = 6, a3 = 6 2 = 12 y a4 = 12 2 = 24.

10

2.6 

1. 3 3 1 1 an = 1 + 3 n --
1 = 3n-2

2. an = 2 + 3 n-1 a30 = 2 + 3 29 = 89

3. a50 = a1 – 3(49) = 29 a1 = 176.



12. 9 6144

an = 3(2n – 1) = 6 144 = 3 211 n – 1 = 11 n = 12.

.

3(212 – 1) = 3(26 – 1)(26 + 1) = 3(23 – 1)(23 + 1)(26 + 1) = 3(8 – 1)(8 + 1)(64 + 1) = 3(7)(9)(65) = 12285.

S12 = 3(212 – 1) = 12285.

14. a1

212 212 – 1 

7



4. a6 = 8 a11 = -2 a11 --a6 = --2 -8 = -10 = a1 + 10d- a1 + 5d = 5d d = -2
a6 = a1 + 5d a1 = a6-5d = 8 + 10 = 18

18 -2
5. 2 6

3n2-n-290 = 3n + 29 n-10 = 0 n = 10 290
10

6. 5 8 11 ... 3 a = 5 + 3 n-1 S32

1,648

7. a b x2 – 3x + A = 0 (x – a)(x – b) = x2 – (a + b)x + ab = x2 – 3x + A a + b
= 3 ab = A c d c + d = 12 cd = B
a b c d r b = ar c = ar2 d = ar3

a + b = 3 c + d = 12
a + b = 3 a + ar = 3 a(1 + r) = 3,
c + d = 12 ar2 + ar3 = 12 ar2(1 + r) = 12.

a≠0 r≠–1 2

• r = 2 a 1 + r = 3 a = 1 b = ar = 2, c = ar2 = 4 d = ar3 = 8.
A = ab = 2 B = cd = 32

• r = -2 a 1 + r = 3 a = -3 b = ar = 6, c = ar2 = – 12 d = ar3 = 24.
A = ab = – 18 B = cd = – 288.

1. a1 a2 a3 3 a1 + a2 + a3 = 180 a1 a2 a3

a2 = a1 + 10 a3 = a1 + 20
a1 + a2 + a3 = 180 a1 + (a1 + 10 ) + (a1 + 20 ) = 180 3a1 + 30 = 180 3a1 + 30 = 180 3a1 = 150 .

a1 = 50 , a2 = 60 y a3 = 70 .
2. a4 = 10 a6 = 16.a6-a4 = 16-10 = 6 = 2d d = 3 a4 = a1 + 3d

a1 = a4 – 3d = 10 – 9 = 1.
an = 1 + 3 n -1 = 3n-2

3. a5 = 17 d = 2 a1 = a5-2 4 = 17-8 = 9

2.7 


