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(x y)(x y) = x2 y2
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e
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ϕ
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ϕ
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e
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1. 

2. 

a) 3 

e)                     
i) -1 

b) -2 

f)                

j) π 

c) 

g) 

2. 1 

1. 

d)

h) 

1. 

b y a < b
a
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a) 3.000... 3 0.000... 

b) -2.000... -2 0.000... 

c) d) 

e) 

a.bcdefg… a b,
c, d, e, f, g… 0, 1, 2, 3, 4, 5, 6, 7, 8 9

a 0.bcdefg…
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11.8  

1. 

2. a b a ≥ b |a – b| = a – b

• a > 0 |a| = a
• |0|= 0
• a < 0 |a|= – a > 0 
•

a 

aa ≥ 0 a
a < 0 –a
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b) –1 ≤ x ≤ 4 
-1 x 4

a) 5 < x ≤ 8
5 x 8 

c) 0 < x < 2
0 x 2 

d) –3 ≤ x < –1
-3 x -1 

e) x > 8 
x 8

f) x < –4
x -4 

g) x ≤ 5 
x 5 

h) x ≥ –2 
x -2 

a) b) c) d) e) f) g) h)

] [ 

5 8 



1

{x | a ≤ x ≤ b} 

∞ –∞

–∞ ∞ ]–∞, 8] ]1, ∞[



1. 

2. n

3.

e)  

f)

g) a b 0 < b < a |b – a| = a – b

5. x

6.

1.10  

4.
a)

b)

c) ϕ e

1.8 2
a b 0 < a < b
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1.1  

11 0
3xy x y 1 1 2 

11 
–5 x3y2

3 xy
8 x2y

2. 11 3xy –5x3y2 8x2y

–5x3y2 x y 3 2 5 
8x2y x y 2 1 3 

3. x x 3 y 2 

4. b) –5x3y2 

5 

1

1
1 2

1

1.
2. 2 

a) 1
b)

a) b) 
1 

11 + 3xy – 5x3y2 + 8x2y

1.
2.
3.
4.

1. x y



2
1. 

2. 1 
a)
b)

3. (x – 3)2 + (x + 2)2 + 9x – 10 

11 + 3xy – 5x3y2 + 8x2y
1. x
2. y
3.

1.
x

11 + 3xy + 8x2y – 5x3y2

– 5x3y2 + 8x2y + 3xy + 11

2. 3xy 8x2y x
x x

y

11 + 3xy + 8x2y – 5x3y2 = 11 + (3x + 8x2)y – 5x3y2

– 5x3y2 + 8x2y + 3xy + 11 = – 5x3y2 + (8x2 + 3x)y + 11

11

3.

2

0       2        3          5



1.2  1 

a b

a) (x + a)(x + b) b) 

d) c)  



2

1.3 2 

2. (ax + by)2 (ax – by)2 

3. (ax + by)(ax – by) 

a) 4x (x + a)(x + b) b) 

d) c) 

c)

14 45

14 7 + x 7 – x
45 

49 – x2 = 45 x = 2 
9 5 

Bunt, N.H., Jones, P.S. y Bedient, J.D.(1988) 

a b m
1. (mx + a)(mx + b) (x + a)(x + b) 



1.4  (ax + b)(cx + d) 

(2x + 5)(3x + 4) (ax + b)(cx + d) 

2. a b c d

a c b d

(5x – 6)(2x + 7) 
a = 5 b = – 6 c = 2 d = 7 

2 ex2 + fx + g mx2 + nx + p e = m f = n g = p

(2x + 5)(3x + 4) = 6x2 + 23x + 20 (ax + b)(cx + d) 

(ax + b)(cx + d) 

a d
b c

1. 
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1.5  1 

(a + b)3 

(a + b)3 a + b

(a + b)2 

(2x + y)3 

(2x + y)3  



1.6  2 

2. a b

(2x – 3y)3

(a – b)3 [a + (– b)]3 

(2x – 3y)3 

(2x – 3y)3 = 8x3 – 36x2y + 54xy2 – 27y3

(a – b)3 

(ax + by)3 (ax – by)3 

1. 
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1.7  

2.
a) a + b = 25 a – b = 10 a2 – b2 

b) a2 + b2 = 58 a + b = 10 ab 
c) 1013 

a + b = x

x = a + b

1. 

a) (2x + 3)3 (2x – 3)3

(2x + 3)3 – (2x – 3)3 = 72x2 + 54

b) a + b = x (a + b + c)2 = (x + c)2 

1.
2.
3.



1.8  

1. 

2. 

4. a b c d

6. 

7.
a) a2 + b2 = 40 ab = 12 (a – b)2  

b) a2 – b2 = 24 a – b = 2 a + b
c)

d) x = 445 446(444) – 447(443)
x

e) (x + y)3 = x3 + y3 + 3xy(x + y) 

3. (ax + b)(cx + d) 

5. 

•45(55)
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1.9  

a) 
b) 

a)

10x2y + 6xy2 – 8xy = 2xy(5x + 3y – 4)

b) x
4

m = y + 3 m

1.
2.



1.10  x2 + (a + b)x + ab

2. 

(x + a)(x + b) 

(x + 2)(x + 8)

a) x2 + 10x + 16 (x + a)(x + b) 10 16 

1 16 16 17
2 8 16 10

–1 20 –20 19
–2 10 –20 8
–4 5 –20 1
4 –5 –20 –1

a = 2 b = 8 x2 + 10x + 16 = (x + 2)(x + 8) 

b) –1 –20 

a = 4 b = –5 y2 – y – 20 = (y + 4)(y – 5)

y = x – 1 

(x + a)(x + b) x2 x
m n

a) x2 + mx + n n m
b) x2 – mx + n n –m
c) x2 + mx – n x2 – mx – n –n m –m

1. 

20
20 = 2(2)(5)
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1.11  1 

2. 

a) x2 x 36 6 
12x = 2(6)(x) 

x2 + 12x + 36 = x2 + 2(6)(x) + 62

x2 + 2(6)(x) + 62 = (x + 6)2 

x2 + 12x + 36 = (x + 6)2

b) y2 – 100 = y2 – 102

y2 – 102 = (y + 10)(y – 10)

y2 – 100 = (y + 10)(y – 10)

1. 

x2 2ax + a2

2 x2 – a2



1.12  2 

2. 

a) 7x 2y

– 2(7x)(2y) = – 28xy 49x2 – 28xy + 4y2 

49x2 – 28xy + 4y2 = (7x – 2y)2

b) 11x 4y

121x2 – 16y2  

121x2 – 16y2 = (11x + 4y)(11x – 4y)

1. 

a2x2 2abxy + b2y2 

a2x2 – b2y2  

z = y + 2 
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1.13  1 

2x2 + 13x + 15 (ax + b)(cx + d) 

1. 2 15 
2. a c 2 b d 15 

ad + bc = 13 

1. 2 15 

2. ad + bc = 13 a c 2 b d 15 

1(2) = 2(1)

3. 2x2 + 13x + 15 = (x + 5)(2x + 3)

mx2 + nx + p m n p ac = m bd = p ad + bc = n a b c d

3. 2x + 13x + 15 ax b cx d

a = 1 c = 2 b = 1
d = 15 

a = 1 c = 2 b=3
d = 5 

a = 1 c = 2 b = 5
d = 3 



1.14  2 

a) x2

2 –12

ad + bc a = 1 c = 2 b = 1 d = –12 a = 1 c = 2 b = –12
d = 1 b d ad + bc

• a = 1 c = 2 b = 4 d = –3

• a = 1 c = 2 b = 3 d = –4

• a = 1 c = 2 b = –4 d = 3

• a = 1 c = 2 b = 2 d = –6

b = –12 d = 1
ad + bc –23

2x2 – 5x – 12 = (x – 4)(2x + 3)

• a = 1 c = 2 b = 1 d = –12



2

b) a c y b d
3 8

ax d cx b

3. mx2 + nx + p (ax + b)(cx + d) 

• a = 1 c = 3 b = –1 d = –8

3y2 – 11y + 8 = (y – 1)(3y – 8)

2. 21x2 + nx + 21 a b c d (ax + b)(cx + d) n 
n

3. x + 1 x2 + mx – 2 x2 + mx – 2 = (x + 1)(x – b) 
2x – 1 nx2 + 5x – 4 

mx2 + nx + p m n p m (ax + b)(cx + d) 

1. m p

a) n p p
b) n p p
c) p p

2. a c m b d P ad + bc = n

1. 



6x2y + 57xy + 27y = 3y(x + 9)(2x + 1)

1.15  1 

a) 

6x2y – 4x2 + 30xy – 20x = 2x(x + 5)(3y – 2)

b) 

3y

2x2 + 19x + 9 

1. 

2. (x + 1)(x – 3y + 4)2 – (x + 1)(2x + y – 5)2 

(MINED)
1

https //goo.gl/ZgJVzs

2x

x 5 
3y – 2
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1.16  2 

b) 

2x2 + 5x – 3 

a) 

a + b

2x2 + 5x – 3 = (x + 3)(2x – 1) 2mx2 – 2nx2 + 5mx – 5nx – 3m + 3n = (x + 3)(2x – 1)(m – n)

ax2 + ay2 + bx2 + by2 – 2axy – 2bxy = (a + b)(x – y)2

a + b

x2 – 2xy + y2 



1.17  

3. 

2. (x + a)(x + b) 

4. 

6. 

7. amx + anx + amy + any + bmx + bnx + bmy + bny

8.

1. 

5. 

2 g) h) i)
m2 + pm + q

(m + a)(m + b)



2

2.1  

a) 

b) (12ab – 21b2) (3b) 12ab – 21b2 3b

(12ab – 21b2) (3b) = 4a – 7b

(15x2y2 – 40x2y – 25xy) (–5xy) 

(15x2y2 – 40x2y – 25xy) (– 5xy) = –3xy + 8x + 5 

(20xy + 16x – 4y) 4 = 5xy + 4x – y



2.2  

1 (x + 2)(x2) = x3 + 2x2

1.

x3 + 2x2 

x3 x

x2 – 5x + 4 

x2 x

(x + 2)(x) 
x2 – 5x + 4 

2.
3. 2

4. 3

p q d r
p = qd r

r r q p q
d r p q

1
(x3 + 3x2 – 5x – 4) (x + 2) qd + r

(x3 + 3x2 – 5x – 4) (x + 2) 

1 1 x3 x 1 



2

2. (x3 + 2x2 – x + a) (x – 2) a

3. (2x4 + 6x3 – x2 + 3x – 1) (2x2 + 1) 

– 7x – 4 

(–7x) x

(x + 2)(– 7) 
– 7x – 4 

(x + 2)(x2 + x – 7) + 10 

2x3 – 20x – 50 (x2 + x – 4)(2x) 

2x3 – 20x – 50 = (x2 + x – 4)(2x – 2) – 10x – 58 

–2x2 – 12x – 50 (x2 + x – 4)(–2) 

(2x3) x2 

(–2x2) x2 

x3 – 3x2  – 5x – 4 =  (x + 2)(x2 + x – 7) + 10

2
(2x3 – 20x – 50) (x2 + x – 4) qd + r

x2 

1. qd + r



2.3  1 

1.

2. 1 a
2 

3. 2 2 
4.
5.

1

3 + (–2) 2 

3 + (–2) 

(x3 + 3x2 – 5x – 4) (x + 2) qd + r

mx – a

a

1 x – a

a = –2

1
–2 2

3

x x a



2

qd + r

2 –2 –5 2

–5 + (–2) 

10 1 1 –7
3
2

x2 + x – 7

–4 + 14 

(1765 - 1822)

–2 –7 –4 2 



2.4  2 

x3 – 8 x2 x

2. (x3 – 27) (x – a) a

(x3 – 8) (x – 2) qd + r

x2 + 2x + 4 (x3 – 8) = (x – 2)(x2 + 2x + 4) 

1 2 

x – a

(x2 – 2x3 – 20) (3 + x) qd + r

x – a a = –3 

1. qd + r



2

p q 1 2 q x – a p q p x = a

2. p q a

2.5  

p q 2 

2. p x = 5

p q

(x3 + 8x2) (x + 7) 

x3 + 8x2 x = –7 

(x3 + 8x2) (x + 7) 49 

p q d r 1 x
p = qd + r q = 

x – a

p x = a
(x – a)d + r x = a

r

p q
p x = a

1. 

p = 2x3 – 9x2 – 6x + 7 q = x – 5 
1. p q
2. p x = 5 

1. 



2.6  1 

2. p

1. p x = 1

(1)3 4(1)2 1 6 = 1 4 5 = 0
x = 1 p

2. a) p x – 1
p (x – 1)d d 2

3 d p (x – 1)

d = x2 + 5x + 6 (x + 3)(x + 2)

p = x3 – 7x + 6 x = –3 p = 0 p

p x = –3

p (x + 3)d d

d = x2 – 3x + 2 (x – 1)(x – 2) 

p x – 1

p = x3 + 4x2 + x – 6 
1. p x = 1

p x = a p p (x – a)d
d p 1 

x = a p p



2

2.7  2 

2. (x + 10)3 + 1

3. x3 – 13x – 12 

p = x3 – 19x – 30
1.
2. p p

d = x2 – 2x – 15 (x + 3)(x – 5) 

x + 10 y

p = x3 + mx2 + nx + k p (x – a)d a k

p = x3 + mx2 + nx + k

1.
2. p
3. p (x – a)d d 2 
4. d

1. 

1. –30 1 2 3 5 6 10 15 30
30

2. p x
a) x = 1 (1)3 – 19(1) – 30 = –48 
b) x = –1 (–1)3 – 19(–1) – 30 = –12 
c) x = 2 (2)3 – 19(2) – 30 = – 60 
d) x = –2 (–2)3 – 19(–2) – 30 = 0 

p (x + 2)d d



2.8  

a) y2 

x3 – 2x2 – 9x + 18 
x = 2 

x3y2 – 2x2y2 – 9xy2 + 18y2 = y2(x – 2)(x2 – 9) 3 x2 – 9 
(x + 3)(x – 3) 

b) 

n3 – 3n2 + 4 n = –1 

n3x2 – n3y2 – 3n2x2 + 3n2y2 + 4x2 – 4y2 = (n + 1)(n2 – 4n + 4)(x2 – y2) n2 – 4n + 4
(n – 2)2 x2 – y2

(x – y)(x + y)

p



2

2.9  

2. qd + r

3. qd + r

4. 

5. k p q k

7. 

6. 

1. 



3.1  

2. 1 –15 

5x2 + 11x – 12 = (5x – 4)(x + 3) = 0 5x – 4 = 0 x + 3 = 0 
5x2 + 11x – 12 = 0 

ax2 + bx + c = 0 a b c a ≠ 0
ax2 + bx + c 2

0

6 15x2 – 12 = –8x
0 –8x

15x2 + 8x – 12 = 0 (5x + 6)(3x – 2) = 0

a b ab = 0 
a = 0 b = 0 

a) 56 -15 2
2

2 56
(–8)(–7) = 56 – 8 – 7 = – 15 x2 – 15x + 56 (x – 8)(x – 7)

0 1 0

x = 8 x = 7

b) 5x2 + 11x – 12 5 –12 2

1. 

x – 8 = 0 x – 7 = 0



3.2  

a) a = 2
b = 3 c = –1

2x2 + 3x – 1 = 0 

b) –6 –2 2
a = 1 b = –2 c = –6

x2 – 2x – 6 = 0 
2 

x = 0 x

ax2 + bx + c = 0 (a ≠ 0) 

2



2. z = w x y

z = a + bi
1. b = 0 z
2. a b 0 z
3. a = 0 b ≠ 0 z = bi

2 z = 2x + 3i w = 4 + (y – 1)i z = w x y

Re(z) Im(z) 

z w

z = w x y 2 4 

z w 2
z1 z2 z3 z4

3.3  

c) z

a z Re(z) b z Im(z) 2
2

i2 = –1 i

2 a b z = a + bi
a + bi . 

1 

2 

1. z



3.4  

z = 3 + 7i w = 2 – 3i z + w z – w zw

1. z + w z – w zw

i

z = a + bi z
|z| z = a + bi

2. z = a + bi

w

i2 = –1 

z + w = 5 + 4i z – w = 1 + 10i zw = 27 + 5i

z = a + bi w = c + di z + w z – w

z = a + bi w = c + di zw

2



3.5  

z = a + bi w = c + di

1.                     

2. 
3. 

1.     1 

1. 

u + vi

2. z = a + bi w = c + di

a) b) 

c) d) b) c) 

4 + 3i 5 – i

5 – i

z = a + bi w = c + di z w

2. 

3. z w



2

3.6  *

x x2 = –5 x

a + bi

-5 -5 5(-1) 
x2 = 5(–1) = 5i2

x2 = 5i2

x2 = –5 x

a b

1. –a

2. a + bi

a (a > 0) – a



3.7  

ax2 + bx + c = 0 Δ = b2 – 4ac Δ

b) Δ

a) Δ

Δ > 0 Δ

2. x2 – 6x + 5 – m = 0 1 m

Δ

2x2 – 5x – 1 = 0 2 

Δ = 0 0 

x2 – 2x + 1 = 0 1 

c) Δ

Δ < 0 

x2 + 3x + 5 = 0 2 

1. 

x2 + mx + 4 = 0 1 m
1 Δ = 0 Δ = m2 – 16 = 0 m = 4 m = – 4 

x2 + mx + 4 = 0 1 m 4 – 4 

ax2 + bx + c = 0 a b c a ≠ 0 Δ = b2 – 4ac

1. Δ > 0 2
2. Δ = 0 1
3. Δ < 0 2 u + vi v ≠ 0



2

3.8  *

x2 + 12x + 40

x3 – 6x2 + 15x – 14 

a = 1 2 7 14 x = 2 

x3 – 6x2 + 15x – 14 = (x – 2)d d

x2 – 4x + 7 

z = 6 – 2i w = 6 + 2i zw = 40 z + w = 12

x2 + (a + b)x + ab 40 12 2
x2 + 12x + 40 = 0

x1 x2 ax2 + bx + c = 0



3.9  *

x = a 0 a x

p

1. p
1

2. p
2

x2 + 2x + 1 (x + 1)2

x = –1

3. p
3

a) 3x – 12 0 x 3x – 12 = 0
x = 4 4 3x – 12

b) 2x2 + 7x + 3 = 0 2x2 + 7x + 3

c) 0 1 
29 x

x = –1

(x3 – 3x2 + 25x + 29) (x + 1) 

x = – 1 x2 – 4x + 29 = 0 x2 – 4x + 29 

x3 – 3x2 + 25x + 29 x = – 1 x = 2 + 5i x = 2 – 5i

1 

n n

an 0

n n x1 x2..., xr

mi xi



2

3.10  

2. x

3. 

x = 3 

1. 

4. z + w z – w

6. 

5. zw

?



3.11  

1.

2.

x2
x = 100 

3. z1 = 1 + 2i z2 = –2 + 3i z3 = 1 – i

4.

5. x 1. x 2. x 1 2
7 18

6. x y

10. mx2 + 2x + 1 = 0 2 m

11. x2 + 2x + m = 0 2 m

7. z |z| ≥ 0 

8. z = a + bi w = c + di |zw| = |z||w| 

9. z = a + bi w = c + di 



1



1.1  1

a b c a < b a + c < b + c

≤, ≥, < > 

a ≤ b a b

≤
<

≥
>

d) –5 > –7 

a)

≤ ≥ < >

c)  –3 < 5 2 
–3 + 2 = –1 5 + 2 = 7 

f)  1.5 < 4 

b) 3.5 
≤ ≥

e)                 1 

a > b, a ≥ b, a ≤ b
c a b



3

< > 

1.2  2

a b c a < b
1. c > 0 ac < bc

d) 8 > –5

8(–4) = –32 –5(–4) = 20

f) –11 < –7 

a > b a ≥ b a ≤ b

b) a) 
–5 < 4 3 

c) –3 > –9 10 a) 2 < 5 4 
2(4) = 8 5(4) = 20 

d) 6 > 3

6(–2) = –12 3(–2) = –6 

2. c d c < d < > 

3. a
a) a >1 a2  > a b) a < 1 a2 < a

2. c < 0 ac > bc

1. 



6x 7.20 m2

7.20 m2

6x ≤ 7.20

2.1  

x 2
2x

2 7.20 m2

1.
a) 1 15
b) (MARN) 2015

11 4000
c) 3 1 2 28
d) 500 1

3,500

2.



3

2.2 1

x

–1
x + 4 ≥ 3 

x ≥ –1 x + 4 ≥ 3

b c x + b ≥ c x + b ≤ c,
x ≥ d x ≤ d

–b
1. x + b ≥ c x ≥ c – b

x [c – b, ∞[

1.1 4 

4 

x ≥ –1 x + 4 ≥ 3 x ≥ –1 
x [–1, ∞[.

b) 5 

5 

x – 5 < 2 x < 7 x ]–∞, 7[ 

x + b > c x + b < c
c – b

2. x + b ≤ c x ≤ c – b x ]–∞, c – b] 

2. 1.1 
x + b ≤ c x ]–∞ c – b] 

4 

a) 4 3 3 x + 4 = 3 4 
3 

1. 



2.3 2

2. x 

x

3x > 12 x > 4 x ]4 +∞[ 

a) x > d d

b) ≤ ≥

1. a ax ≥ c ax ≤ c
ax > c ax < c

2. a ax ≥ c ax ≤ c

–5x ≤ –10 x ≥ 2 x [2 +∞[ 

a ax ≥ c ax ≤ c a



3

2.4 3

1. 

2. x

•

• mx ≤ n x 1 n m

5 
2x

1. mx ≥ n mx ≤ n
2. 1 m

x 1 

a) x > d

7 

2x + 7 > – 9 x ]–8, ∞[ 

b) 6x – 5 ≤ 2x + 15 

6x – 5 ≤ 2x + 15 x ]–∞, 5] 



2.5  

2. a ≠ 0 ax + b ≥ 0 ax + b ≤ 0 y = ax + b 

y = 2x – 4 
1.

2. y ≥ 0 y = 2x – 4 x

3. x 2x – 4 ≥ 0 

2. y ≥ 0 x y = 2 x – 4 x

x ≥ 2 y ≥ 0 x [2
+∞[

3. 2x – 4 ≥ 0 x ≥ 2 

ax + b ≥ 0 ax + b ≤ 0 x
y = ax + b x ax + b ≥ 0 x

ax + b ≤ 0 x

1. y (0, –4) x y = 0 

(0, –4) (2, 0) 

y = ax + b
(0, b) (x, 0)

y = 0
x

> <
y = ax + b

3. a ax + b < 0 

1. 
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2.6

B A 2 3 

10

A B
A 1 9.50

45 B 1 12.50
43.50

A B

x A

x B

B < A

1.
2.
3.

1. (MARN) 2015
11 4,000

2. x y (km) y = 70x 315 

3. 2017 8 71 F
71 31 C 31

C F
2017 20 C



2.7  

1. 

2. 

g) ABC AB BC 2
CA BC 34

3.
a) 28 

b) 2017 717 1 2

c) 2017 8 1 50 58 
1 100 1 

• 1 50 
• 1 58 

d) 15 6 7
1 19 10

e) 6,000 3
1,080

f) 3 4. 105

• BC 
• AB 
• CA 



3

1. 8 cm 2. 
5 cm 

3. 1 4. 7 cm
2 3

2. 1 
a) a + b, b + c a + c
b) a + b > c, b + c > a a + c > b

3.1  

5. 8 cm
5 7 8

1. a b c

-
-

5 7 8 



3.2  1 *

a = 10 cm b = 4 cm c a b c
c

a
b

a = 10 cm b = 4 cm
a

c a – b = 6 cm

c a + b = 14 cm
a

c 6 cm 
14 cm 

1.
a) 9 14 
b) 3 11 
c) 13 7 

2. 14 cm 30 cm 16cm 

a, b
c b ≥ c

c 6 cm 14 cm 



3

3.3 2 *

2. a < 0, b ≥ 0 a + b ≥ 0 |a + b| ≤ |a| + |b| 

3. a b c
|a + b + c| ≤ |a| + |b| + |c|.

• a + b < 0 

• a + b ≥ 0 

a b

a) 1 a ≥ 0 b ≥ 0 |a| = a, |b| = b a + b ≥ 0; 
|a + b| = a + b = |a| + |b|

|a + b| ≤ |a| + |b| 

b) 2 a < 0 b ≥ 0 |a| = –a, |b| = b |a| + |b| = (–a) + b

c) 3 a < 0 b < 0 |a| = –a |b| = –b a b

|a + b| ≤ |a| + |b| 

–b < b b (–a) + (–b) < (–a) + b
|a + b| ≤ |a| + |b| 

a ≥ 0 b < 0 2 

a ba b a ≤ b

a b |a + b| ≤ |a| + |b| 

1. a b
b = 7

b = – 13

b = – 6

b = 10
b = 4

b = – 6
b = 8



3.4

1. x = 0 x2 = 0 x x > 0 x < 0 

1 ,

,

1. x x2 ≥ 0 
2. a b

a) x > 0 x < 0
b) x a)

a b

1. a a2 ≥ 0 a = 0 
2. a b

2.
a) x
b) a b

a b a b

x x2 ≥ 0 

2. x

1. a b

x ≥ 0

x < 0

b = 30b = 49
b = 18

b = 90
b = 4



3

a b a ≠ 0 

3.5 

x > 0 

x > 0 x ]0, +∞[ 

b) 

x < 1 x ]–∞, 1[ 

1. ax + b > 0 

2. ax + b < 0 

–1 

2x + 3 > 0 

≥  ≤

h) i)

x

a) x x = 0 



3.6  

1. 

2. x

5. 

3.
a)

8.0 4

b) A 24.00
0.30 B 25.00

0.25 A B

c)
x C

R ( ) R = 140x.

4. a, b c

1 7.6
2 8.0
3 8.2

x > 0 
a, b x

3.2 
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1.1  

A B 2 A x
B y B A

B A f A B,
A x B y

y
f(x) x

x = –3 y = – 16

x y

y = 1 x = 10 y = 55

2
f(x) = ax + b f(x) =

ax2 + c
x y

g(x) h(x)

x = m f(m) x m f

f(x) 

x 1 x = –5 f(–5)
x = 2 f(2)

f(–5) = 17 f(2) = 14

f(x) f x
x

1. x f(x) 

2. f(x) = 2x – 3 f(x) = 5 x

3. f(x) = 4x2 + 5 f(x) = 11 x

x y



4

1.2  

f(x) = – 2x g(x) = 2x2 

1. f g

1. f
x 1 x = 1 f(x) 2

f(x) = – 2x

2. 3 f g 1

2. f g

3. f g

g
x = –1 g(–1) = 2(–1)2 = 2

g (–1, 2) x = 1 g(1) = 2(1)2 = 2
(1, 2) g(x) = 2x2



3. f g
1 

x I I 1

x y
x

x f(x) g(x)



4

1.3  *

(0,0) 

1. f(x) = 3x2

f(x) x x f(x)

2. y = f(x) x = 0
x f(x)

f(x)
0 [0, ∞[

f(x) = 3x2  

1. x f(x) 
2. f(x) 

f Df f(x) x f
Rf f(x)

f(x) = ax2

a
1. a > 0 Rf = [0, ∞[
2. a < 0 Rf = ]–∞, 0]

2.  

1. 



2.1  

f(x) = 2x2 

2.  g h f

Dh = Rh = [–2, ∞[

h(x) = 2x2 – 2 
f(x) = 2x2 1 -2 

f (0, 0) h (0, -2)
(–1, 2) (1, 2) f (–1, 0) (1, 0)

h

1. g(x) = 2x2 + 3 h(x) = 2x2 – 2
?

1. g(x) = 2x2 + 3 f(x) = 2x2 

+3 

f (0, 0) g (0, 3)
(–1, 2) (1, 2) f (–1, 5) (1, 5)
g

Dg = Rg = [3, ∞[

g(x) f 1
+3 h

?



4

2. f(x) = 2x2

a) g(x) = 2x2 + 3 
f(x) = 2x2 1 +3 

b) h(x) = 2x2 – 2 
f(x) = 2x2 1 -2 

c) f(x) = x2  g(x) = x2 + 2 d) f(x) = –x2  g(x) = – x2 – 3

f(x) 0 k g(x) = f(x) + k f
1 k k > 0 k < 0

f(x) = ax2 g(x) = ax2 + k (0, k)
1. a > 0 Rf = [k,∞[
2. a < 0 Rf = ]–∞, k]

f(x) g(x)

a) f(x) = x g(x) = x + 1 b) f(x) = – 2x g(x) = – 2x – 3



2.2 f(x) = a(x – h)2, h > 0 

f(x) = 2x2 

1. g(x) = 2(x – 1)2 

2. g ? g
?

3. g f ?

g

1.

x g(x) 
f(x – 1) x = 0 

g

2. g (1, 0) Dg = Rg = [0, ∞[ 

3. f(x) = 2x2 1 +1 g(x) = 2(x – 1)2

f(x) = ax2 a 0 h > 0 

f 1 h (h,0) Dg = 
1. a > 0 Rg = [0, ∞[ 2. a < 0 Rg = ]–∞, 0]

f(x) g(x) g



4

2.3 f(x) = a(x – h)2, h < 0 

f(x) = 2x2 

1. g(x) = 2(x + 1)2 

g

2. g ? g
?

3. g f ?

1. 

2. g (–1, 0) Dg = Rg = [0, + ∞[ 

3. f(x) = 2x2 1 –1 g(x) = 2(x + 1)2

x g(x) 
f(x + 1) x = 0 

g

f(x) = ax2 a 0 h < 0 

f 1 h (h,0) Dg = 
1. a > 0 Rg = [0, ∞[ 2. a < 0 Rg = 

g
g(x) = 2[x – (–1)]2

f(x) g(x) g



2.4 f(x) = a(x – h)2 + k 1 

f(x) = 2(x – 1)2 

1 21. g1(x) = 2(x – 1)2 + 3 g2(x) = 2(x – 1)2 – 4 
f

2. 

g(x) = f(x) + k f 1 k
k k

1. f(x) + k
1 k

g1(x) = 2(x – 1)2 + 3, k = 3 f
1 +3 g1

g2(x)  = 2(x – 1)2  – 4, k = – 4 f
1 – 4 g2

g2 (1, –4) Dg2 = 
Rg2 = [–4, ∞[ 

2. g1 (1, 3) Dg1 = Rg1 = [3, ∞[ 

f(x) = a(x – h)2 a h a 0

k f 1 k k > 0
k < 0 g (h, k)

Dg =
1. a > 0 Rg = [k, ∞[ 2. a < 0 Rg = ]–∞, k]

f(x) g(x) g



4

2.5  f(x) = a(x – h)2 + k 2 

1. g f(x – h) + k
h = 3

k = –1

f 1 +3
1 –1 g

2. g (3, –1) Dg = 
Rg = ]–∞, –1] 

f(x) = –2x2 

1. g(x) = – 2(x – 3)2  – 1 g
f

2. g

f(x) = ax2 a 0

f 1 h 1 k g
(h, k) Dg = 

1. a > 0 Rg = [k, ∞[ 2. a < 0 Rg = ]–∞, k] 

f(x) g(x) g



2.6  f(x) = ax2 + bx *

a) f

b) g

f a(x – h)2 + k Df = , Rf = [–9, ∞[
(3, –9)

g a(x – h)2 + k Dg = , Rg = ]–∞, 2] 
(–1, 2) 

f(x) = (x – 3)2 – 9 h(x) = x2 1
+3 1 –9

g(x) = –2(x + 1)2 + 2 h(x) = –2x2

1 –1 1 +2

f(x) = ax2 + bx f a(x – h)2 + k
a > 0 a < 0

f



4

2.7  f(x) = x2 + bx + c

f

f (x – h)2 + k Df = , Rf = [5, ∞[
(2, 5)

f(x) = (x – 2)2 + 5 y = x2 1 +2 
1 +5 

f(x) = x2 + bx + c f (x – h)2 + k

f

f



2.8  f(x) = ax2 + bx + c

f

f

f a(x – h)2 + k Df = , Rf = ]–∞, 2]
(–3, 2)

f(x) = – 2(x + 3)2 + 2 y = – 2x2 1 –3 1
+2

f(x) = ax2 + bx + c a b c a 0

f a(x – h)2 + k
(h, k) a > 0 a < 0

( ) a (h, k) y

1. a > 0 Rg = [k, ∞[ 2. a < 0 Rg = ]–∞, k] 

f



f(x) = – 3(x – 4)2 + 5 

f(x) = –3x2 + 24x – 43

f

f
1. f (4, 5) (2, –7)
2. f ax2 + bx (–1, –10) (–4, –16) 

2.9  

(1) h k

(2, –7) x =2 f(2) = –7 a

4

f(x) = – 3(x – 4)2  + 5

2. f(x) = ax2 + bx f (–1, –10) x = –1 
f(–1) = –10 a

x = –4 f(–4) = –16 (2) a b

f(x) = 2x2 + 12x

f a(x – h)2  +  k ax2  + bx + c
f a(x – h)2  +  k

1. f
a) f (–2, 1) (0, 5) 
b) f (3, –6) (4, –8)
c) f ax2 + bx (8, 0) (2, –12) 

2. f (–2, 8) (0, 2) (2, 4) 



2.10  

f g

a) f(x) = x2   g(x) = x2 + 3 b) f(x) = – x2  g(x) = – x2 + 2

c) f(x) = 2x2 g(x) = 2x2 – 1

e) f(x) = 3x2 g(x) = 3(x – 4)2

d) f(x) = – 2x2 g(x) = – 2x2 – 3

f) f(x) = – 2x2 g(x) = – 2(x – 1)2



4

2.11  

c) f(x) = x2 g(x) = (x – 4)2 + 2

a) f(x) = 3x2 g(x) = 3(x + 2)2 b) f(x) = – 2x2 g(x) = – 2(x + 2)2

d) f(x) = – x2 g(x) = – (x + 1)2 + 3

2. f

1.  f g

3. f
a) f (0, 0) (2, 2) 
b) f (0, –1) (–1, –3)
c) f (3, 0) (2, 4) 
d) f (2, –5) (4, 3) 
e) f ax2 + bx (2, 0) (–1, 3) 
f) f ax2 + bx (1, –4) (4, 8) 
g) f (–2, 3) (0, –3) (1, 0) 



3.1  

f(x) = 2(x - 1)2 – 5 g(x) = - 2(x - 1)2 + 5 
1. – 1 ≤ x ≤ 1 f(x) g(x)
2. 1 ≤ x ≤ 3 f(x) g(x)

1. f(x) g(x) f (1,-5) 
g (1,5) x x [-1, 1] 

2. 

f x -1 1
f(x) f(-1) = 3

f(1) = -5

–5 ≤ f(x) ≤ 3

f x 1 3
f(x) f(1) = –5

f(3) = 3

–5 ≤ f(x) ≤ 3

g x -1 1
g(x) g(-1) = -3

g(1) = 5

-3 ≤ g(x) ≤ 5

g x 1 3
g(x) g(1) = 5

g(3) = –3

-3 ≤ g(x) ≤ 5

f [x1, x2] x x1 x2 f(x) f(x1)
f(x2) m n m ≤ n [x1, x2]

f(m) ≤ f(n) f [x1, x2 ] x x1
x2 f(x) f(x1) f(x2) m n m ≤ n

[x1, x2] f(m) ≥ f(n)

[x1, x2]

f f(x) 

f g
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3.2  

f(x) = (x – 1)2 – 4 g(x) = –x2 – 4x – 1 
1. – 1 ≤ x ≤ 2 f(x)
2. – 4 ≤ x ≤ 1 g(x) 

f g

1. f(x) 
(1, -4) 

2. g a(x – h)2 + k

x x [–1, 2] x = -1
f(-1) = 0 x = 2 f(2) = -3; -3 ≤ f(x) ≤ 0

(-2, 3) x x
[–4, 1] x = –4 g(–4) = –1

x = 1 g(1) = –6; g(x) x = -2
g(–2) = 3

–6 ≤ g(x) ≤ 3

f(x) x = 1 f(1) = -4 
–4 ≤ f(x) ≤ 0 

f(x) = a(x - h)2 + k x1 ≤ h ≤ x2

1. a > 0 f(x) x = h
x x1 ≤ x ≤ x2 f(x1) < f(x2) k≤ f(x) ≤ f(x2) f(x1) ≥ f(x2) 
k ≤ f(x) ≤ f(x1) 

2. a < 0 f(x) x = h
x x1 ≤ x ≤ x2 f(x1) < f(x2) f(x1) ≤ f(x) ≤ k f(x1) > f(x2) 
f(x2) ≤ f(x) ≤ k

f(x) 



3.3  *

1
x f(x)

x x2 f(x)
f

f (1, 5.5) f(x)
x

1 5.5

f

x2 

2.
40 cm

cm

1. 
x

x 40 – 2x
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3.4  *

ABC x

AB2 = BC2 + CA2,
0 < x < 4

]

BC CA 4 – x x

AB2 AB f(x) = 2x2 – 8x + 16
x2 f(x)

(2, 8) ]0, 4[
x 2

x2

1. 20 2

2. 24 cm 2 2 4x 2
24 – 4x 2 x

f



3.5  y

f y

b) f(x) = –2x2 – 12x – 18 y
(0, f(0))

a) f y x = 0 f(0)
f y (0, f(0))

f(x)=(x – 3)2 – 4 y (0, 5) 

f(x) = –2x2 – 12x – 18 y (0, –18) 

f y

f y

f y (0, f(0)).
f f 1 y

2. y 2 

f y 1

1. f y
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3.6  x

f x f x
2 0

a) f x 2 (x , 0) x
f 0

c) 

f x

f(x) = (x – 3)2 – 4 x (1 0) (5 0) 

b) f

f(x) = –2x2 – 12x – 18 x (–3, 0) 

f(x) = (x – 3)2 – 4

f(x)  =  –2x2 – 12x – 18

f x f

1. 2 x = x1 x = x2 f (x1, 0) (x2, 0) x
2. 1 x = x1 f (x1, 0) x

f x
3. f x

f x 



3.7  ax2 + bx + c ≥ 0 a > 0 1 *

f (-3, 0) (1, 0) x x2

f(x) ≥ 0 x ≤ -3 x ≥ 1
x ≤ -3 ]-∞, -3] x ≥ 1 [1, +∞[ x ≤ -3
x ≥ 1

2. f f(x) ≥ 0 x

x

f(x) = x2 + 2x – 3 f(x) x f x x
x f(x) = 0

x 1 2 

ax2 + bx + c ≥ 0 a > 0 ax2 + bx + c ≥ 0 x
f(x) = ax2 + bx + c f(x) ≥ 0 f x x 

f x 2 (x1, 0) (x2, 0) x1 < x2 x ≤ x1 x ≥ x2 f(x) ≥ 0 
x ]–∞, x1] [x2, ∞[

1. x
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3.8  ax2 + bx + c ≥ 0, a > 0 2 

f (3, 0) x
f(x) 3 x

x < 3 x > 3

b) f(x) = x2 – 2x + 2 f x

a(x – h)2 + k

x

1. f (h, 0) x x < h x > h f(x) > 0
x ]–∞, h[ ]h, ∞[

2. f x x f(x) > 0 f x

(1, 1)
x x

f(x) > 0

x

a) f(x) = x2 – 6x + 9 f(x) = x2 – 6x + 9 > 0 f x
x f(x) = 0 x

ax2 + bx + c > 0, a > 0 f(x) = ax2 + bx + c



3.9  ax2 + bx + c ≤ 0, a > 0

x

a) f(x) = x2 + 2x – 3 f(x) = 0 f x 
x

b) f(x) = x2 – 6x + 9 f(x) = (x – 3)2

f(x) x
x 0

x = 3

–3 ≤ x ≤ 1 f(x) ≤ 0 

c) f(x) = x2 – 2x + 2 x f(x) > 0 x
f(x) = x2 – 2x + 2 < 0 

ax2 + bx + c ≤ 0 a > 0 ax2 + bx + c ≤ 0 x
f(x) = ax2 + bx + c f(x) ≤ 0 f x

x x

1. f x 2 (x1, 0) (x2, 0) x1 < x2 x1 ≤ x ≤ x2 f(x) ≤ 0 
x [x1, x2]

2. f (h, 0) x f(x) ≤ 0 x = h
3. f x f(x) ≤ 0 

ax2 + bx + c < 0 f(x) = 0 2 f(x) < 0 

x
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3.10  a < 0

x a < b c < 0 ac > bc

-1 

(1) f(x) = x2 – 4x + 3 x

x < 1 x > 3 x2 – 4x + 3 > 0 

x ]–∞, 1[ ]3, ∞[

2. f x

a 0 
a > 0 3.7, 3.8, 3.9 a < 0

-1 3.7, 3.8, 3.9

1. x



3.11  1 *

–1 

–2
] –∞, –1[ x = –2 1 –2 + 1 = –1 2 2(–1) – 3 = –5

x + 1 > 0
x + 1

2x2 – x – 3

(x + 1)(2x – 3) > 0 0
x + 1 2x – 3



4

0 0 (x + 1)(2x – 3) > 0 x

]–∞, –1[ x + 1 2x – 3 "–"
"– " "+“

x1 x2 ax2 + bx + c x1 < x2 ax2 + bx + c > 0 ax2 + bx + c < 0 

1. ax2 + bx + c = pq p q x1 x2

2. ]-∞ x1[ ]x1 x2[ ]x2 ∞[ 

3. n 2 3 x = n p q
p q

4. p q ax2 + bx + c > 0 ax2 + bx + c
< 0

1. 

2. 1 f(x) = x2 – 14x – 32
x 1

?



3.12  2 *

≥ 

≤ 6x2 – 11x – 7
0 x

≥ 6x2 

6x2 – 11x – 7 ≤ 0 2 

1.
2.
3.

1. x

2. x1 x2 x1 < x2 x2 + bx + c x2 + bx + c ≤ 0 [x1, x2] 
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3.13  

1. f f(x)

2. f(x) 

3.
32

4. 100 50
0.50

5. x

6. 30 2 2 

7. f

8. 



4.1  f(x) = x3

y = x3 

1. 

2. (x, y)

2.

x3 x 3 x

y = x3 x 3 f
f(x) = x3

B A x A
x B 1 y

x f(x)

1. f(x) = x3 (x, f(x)) 
f 1 

2. x = –1 x =1 f(x) = x3 x = –2 x = 2 

3. x = –m x = m f(x) = x3 

1. y x 3
(–1)3 = (–1)(–1)(–1) = –1 
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4.2  f(x) = ax3 a > 0

2. f g h

f(x) = x3

g h

1. g(x) f(x) 2 h(x) f(x) 

2.
a) 3 
b) 3 

f(x) = x3 g(x) = 3x3 

1. f(x) g(x) = 2x3 

a > 0 g(x) = ax3

f(x) = x3 f(x) a

a)
b) x < 0 g(x) f(x) h(x)  f(x) h(x) f(x)
c) x > 0 g(x) f(x) h(x) f(x) 



4.3  f(x) = – ax3 a > 0

2. f g

f(x) = x3

1. f(x) g(x) = – x3 

f(x) = ax3 +bx2+cx + d
a 0

f(x) = ax3

f g 

1. g(x) f(x) -1 

2.
a)
b)

a)
b) x < 0 g(x) x f(x) 
c) x > 0 g(x) x f(x) 

f(x) = ax3 a > 0 g(x) = – f(x) = – ax3 x f

f f(x) -1

f(x) g(x) 
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2. 1 f g (x, f(x)) (x, g(x)) 

3. f g 1 3 

4.4  

1. x f(x) g(x) 

2. (x, f(x)) (x, g(x)) 
f g

1.



l(x) g 1 3 

k 0 f x
|x| f x

x |x| f(x) y
y

x
y

x
g(x) p q

(k > 0 k < 0)

h(x) f(x – 1) + 3

3. h(x) f 1 2
(a b) h (a - 1 b - 3) f

p > 0 p < 0 q > 0 q < 0 

f g f g p q
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1. h
2. h
3. h

4.5  *

1. h(x) 1 3 
y=0 (x ) x=0 (y ) f y=3 

x =1 h

2. y = 3 (0, 3) x = 1 (1, 0) h

h

3. h x 1 h
]–∞ 1[ ]1 ∞[ h(x) ]–∞ 3[ ]3 ∞[

k k p q
y=q x=p h

Dh =]–∞ p[ ]p ∞[ Rh = ] –∞ q[ ]q ∞[ 

h(x) 



4.6  

1. (x + 1) (x – 2) 

2. f(x) 

1. 

x + 1 = 1(x – 2) + 3 x – 2 

2. f 2 1 

f y = 1 x = 2 

p(x) q(x) 
a b d 0 c≠0 

f

f
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4.7  

2. (x y) 
3. x y

2.

3. y x x [0 ∞[ 

f x 2 g x
-1

[0, ∞[ 
Rf = [0 ∞[ Rg = ]–∞ 0] 

f

1. 

1.

[0 ∞[ a
a ≠ 0 [0, ∞[

1. a > 0 f [0 ∞[ x
2. a< 0 f [0,]–∞ 0] x



4.8  

3. 

f

3. 0 Rf = [0 ∞[ 

a 0
f g x g

[0 ∞[

1. a > 0 f [0, ∞[ y

2. a < 0 f ]–∞, 0] y

f y Df = [0, ∞[ Rf = [0, ∞[ 

f

1. f
2. f(x) 

1. 0 –x ≥ 0 x ≤0 
Df = ]–∞, 0] 

2.
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4.9  

1. f(x) = x3 g

2.

3. 



4.10  

5. f(x)=x3 g

6. f

4. 

1. f

2. g (–12 0) (–9 3) (–7 –5) 

3. " " 1
10 3000

1 1000



1. 
GeoGebra 

2.
/

GeoGebra
P(–2,5)

5.1  GeoGebra
GeoGebra Geogebra

GeoGebra
GeoGebra PC

GeoGebra Clásico 5
GeoGebra

→ https //goo.gl/ThXbeB→ https //goo.gl/wf5mHx

a) (x, y)
(1,3) Enter

A = (1,3)

4
3.



b)

7. f(x)
f(x) = 2x – 3

f(x)=2x-3 Enter

g(x) h(x) x
GeoGebra

2. 

GeoGebra
m/n

4.

5.

6. /

8. GeoGebra x2 x^2 f(x) = 3x2

f(x)=3x^2 

1. 



5.2  GeoGebra 

1.
a

–10 10 0.1 OK

2. k a
k 0

6. k k 

9 3 f(x) = x2 

1. –5 5 0.001 n n 
–5 

2. P=(n,n^2) P 
3. n

3. f(x)=ax^2 f(x) = 1x2

a f

4. g(x)=f(x)+k 

5. g extremum Extremum (< >)
< > y=g(x)

4



5.3  GeoGebra

1. 2 1 a –10 10 0.1 2
h a h 0

2. f(x)=ax^2 g(x)=f(x-h) g 

3. a 1 h
h g 

1. GeoGebra 

2. 3 a h k –10 10 0.1
h k 0

3. f(x)=ax^2 g(x)=f(x-h)+k g 

4. a 1 h k 
f g 

1. GeoGebra

2. m –4 4 0.001 –4 

3. P=(m,m^3) m

4. 0 30 0.001 n 0 

5. Q=(n, sqrt(n)) n
sqrt

1. GeoGebra 2.1 2.8 

2. 4.9 4.10 5 6 


