
60

36
360



1.1  *

θ Q
Q

P

OPQ , .

OPQ 

,       

Q Q’ Q’
P' AA (∆OPQ ∆OP'Q’ ) OPQ OP'Q'

ABC B ∆ABC θ hip
op ady

sen θ, cos θ, tan θ 

sen θ cos θ tan θ θ 

,

θ 

90



5

1.2  

1.1

a) α hip = 5 op = 4
ady = 3 

ABC 
θ 
θ 

b) θ hip = 2
op = 4 ady = 6 

1. sen θ cos θ tan θ 

α θ 



3. 2 

4. 2 

5. 2 

1 csc θ sec θ cot θ 

2. csc θ sec θ cot θ θ 

2
180 125

B.A. (1967). 

6. ABC CAB = 90 BCA = θ BC = 1 
AC AB AD BD CD θ 



5

1.3  

x y 

DEF FDE DFE 
FDE + EFD = 90 EFD = 45 DEF 

x = 1 

ABC APC BCA = 30
PCA = 60 APC

x = AP = 2

y ABC x2 = 12 + y2

y > 0 y =

y DEF 

y > 0, y = 

30 60 45

x y 

30,
60 45



a) ∆A'B'C' ∆ABC 

b) a) ∆D'E'F' ∆DEF 

∆D'E'F’ y = 

x y 
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1.4  

b) 45 45
ady = op = 1 

30 45 60

c) 60 a) ABC
ady = 1 op =

30 45 60

30 45 60

30 45 60
30 60

45

30 45 60

a) 30 30
ady = op = 1 



1.5 

1 

1 a = 3tan 55 ≈ 3(1.4) = 4.2 
b

tan 55

MODE 

a ≈ 4.2 b ≈ 5.2 

tan 55 =      a = 3tan 55 55
tan 55



5

1.6 

a)                            60
C = 60 B = 30

b) D 

ABC C
C ( )

1 D ≈ 68.2
F ≈ 90 – 68.2 = 21.8

tan–1 

tan–1 tan θ = θ –90 90
θ 



1. sen θ cos θ tan θ 

2. x y 

3. 1 

4. 1 

1.7  
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1.8  

25 6

25 

6 76

1. 2 
1 

3. 20 16 

2. 3 90

4. A 7 B
2 28

2 

90 90 



1.9 

475 m 850

θ

A B C
CAB = θ

1. 75 

2. 37
9 m

3. 100 m 

4. 3.5 m 1.5 m 10

θ

75 

θ ≈ 34



5

1.10  

ABC 
BC = 7 tan 74 BC 

BC 
24.4 + 1.6 = 26 m 

7 m 74
1.6 m

CAB

1.
12 m 70

2. 135
65

3. 2 m 1 m
60

4. 8 m
60



•
•
• 20 mm 

(∆ABC) 
BCA 

∆ABC 

1.

2. 1.11 

1.11  

•
•
•

1.

2.

3.



5

4. 25 40 m 

5. 100 m 30
15

6. 2 km 80 20

1. 12 km 60

2. 20 m 

3. 1 

1 2

1.12  

1

2



d (P, Q) P (x1, y1) Q (x2, y2) 2 

P (-1, 3) Q (2, 1) 

2. P (x1, y1) Q (x2, y2) d (P, Q) = d (Q, P) 

x1 = x2 y1 ≠ y2 PQ 

x1 ≠ x2 y1 = y2 PQ

2.1 2 

a 

PQ > 0 

2 2 

x1≠ x2 y1 ≠ y2 P Q O
(x2, y1) OP = x2 – x1 QO = y2 – y1

POQ

1. P Q 

P (x1, y1) Q (x2, y2) 2



5

2.2 *

P (a, b) P 
a) x 
b) y 
c)
d) y = x 

a) x P P'(x, y) PP’
x Q PP' x

PQ = P’Q

PP' 2 P' x
P P' 2 P' b

–b

x P(a, b) P'(a, –b)

c) O P P'(x, y) 
OP = OP'

P P’ y = mx b = ma 
(1) y b

1 + m2 ≠ 0 x2 = a2 x = a x = –a 

b) y P P'(x, y) PP’
y Q PP' y

PQ = P’Q

PP' 1 P’ y
P P' 1 P' a
–a

y P(a, b) P'(-a, b)

x = a y = mx = ma = b P' P x = –a y = mx = –ma = –b
P'(–a, –b) P P'(–a, –b) 



P(a, b) 
• P'(a, –b) x P 
• P'(–a, b) y P 
• P'(–a, –b) P 
• P'(b, a) y = x P 

P(–1, 3) Q(–2, –3) 2 x y
P Q

a) x P P1(–1, –3)
y P P2(1, 3)

P P3(1, –3)
P P4(3, –1)

b) x Q Q1(–2, 3)
y Q Q2(2, –3)

Q Q3(2, 3)
Q Q4(–3, –2)

1. x y y = x 

2. x y P 

d) y = x S(a, a) OTS tan α = 1
α = 45 y = x I III

P(a, b) y = x P'(x, y)
P y = x Q PP'

y = x PP' PQ = P'Q

PR PQ = P'Q QR PQR = P'QR = 90
PQR P'QR

PR y PRQ = 45 P'RQ = 45
P'RP = 90 P'R PR P'R = x – a

PR = b – y

(2) PR = P'R PR = b – a b – a = P'R = x – a x = b 
b – a = PR = b – y y = a P' (b, a) 

y = x 



5

2.3 

x

x
360 1

1

4

1 2 

3 4 b)
70

c)
150

2 120
2 

4 –70
4 

3 –150
3



2.4  360 -360

480 930 2 150 –1 150

a) 480 360 + 120 b) 930 = 360 (2) + 210

c) 2150 = 360 (5) + 350 d) 

360
360

θ = 360 n + θ' n n
0 ≤ θ' < 360 θ θ' n > 0

n < 0

-1150
360 (–3) – 70 = 360 (–3) – 70 + 360 – 360 = 360 (–4) + 
290

360 1 360 1



5

2.5 1

θ x y θ 

1 x
P(x, y) x y

x y θ
r

θ θ
P(x, y)

θ 

tan θ x ≠ 0 

y = rsen θ x = rcos θ
sen(360 n + θ) = sen θ cos(360 n + θ) = cos θ 

,

,

,



2.6 2

sen 120 cos 120 tan 120

OP = 1 OPQ
QOP 180 - 120 = 60 sen 120 cos 120 tan 120

sen 60 cos 60 tan 60

∆OPQ y OP'Q' P'
(cos 60 , sen 60 ) P P' P
(–cos 60 , sen 60 )

0 90 180 270 1
x OPQ

90
1.
2.
3. x

y x

0 90 270 360 x y 

/ 



5

2.7 3

a) POQ = 230 – 180 = 50 sen 230
cos 230 tan 230 sen 50 cos 50 tan 50

sen 230 = – sen 50
cos 230 = – cos 50 tan 230 = tan 50

b) 360 – 320 = 40

a) sen 230 cos 230 tan 230
b) sen 320 cos 320 tan 320

4 

sen 320 = – sen 40 cos 320 = cos 40 tan 320 = – tan 40

90

θ 360

• θ 1 
• θ 2 180 – θ 
• θ 3 θ - 180
• θ 4 360 – θ 

cos(-400 ) 

–400 = –360 – 40 40 4 cos(–400 ) 
cos(–400 ) = cos 40

sen θ cos θ tan θ 0 ≤ θ < 90



cos–1 α 

0
360 2

2.8  4*

b) cos θ 2 3 θ 

-90 90
0 180

a) sen θ 1 2 

θ 0 360 2 

θ 0 360

θ 0 360

θ 1 θ 2 

θ = 30 θ = 180 – 30 = 150

α 

θ 2 α θ 2 

θ 3 

θ 3 
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2.9  

sen2θ + cos2θ = 1 θ 

1 cos θ tan θ 

sen2θ + cos2θ = 1 

1 θ 1 1 

tan θ 

6. tan θ + cot θ = sec θ csc θ 

7. sec θ - cos θ = tan θ sen θ 

4. θ  

1.                        θ 3 sen θ tan θ 
2.                       tan θ < 0 sen θ tan θ 

3.                     θ 1 cos θ tan θ 

(sen θ)2 (cos θ)2 sen2θ cos2θ θ 
sen2θ + cos2θ = 1 

θ 

(x, y) 

5.                      sen θ > 0 sen θ cos θ 

5 4 

1

2

cos θ = 



1. 

2. 

3. sen θ cos θ tan θ 0 ≤ θ < 90

7. sec2θ + csc2θ = sec2θ csc2θ 

8. (tan θ + cot θ)tan θ = sec2θ 

4. 0 ≤ θ < 360 θ

6.                       θ 2 sen θ cos θ 

5.                   θ 1 sen θ 

2.10  



5

3.1  

ABC AC = b AB = c A

ABC (ABC) 2 

ABC 

DEF 

2 

2 

1. 

2. C (x, y) x < 0 y > 0 ABC   

3

A(0, 0) B(c, 0) c > 0 C(x, y) y > 0
ABC

C y
y = bsenA

AB = c

ΔABC = 

1

2

x 



3.2  *

2 

abc

ABC 

ABC 

3 

ABC c = 12 B = 120 C = 45 b 

ABC 

(1) 2 

ABC 
a) a = 3 A = 30 B = 45 b
b) a = 9 A = 60 B = 45 b
c) a = 6 A = 30 C = 135 c
d) c = 8 B = 55 C = 100 b
e) a = 6 A = 60 B = 75 c



5

3.3  2 1 1

E ≈ 14.5 E ≈ 180 – 14.5 = 165.5

D + E + F = 180 E 

(1) 1 

a) d = 16 e = 8 D = 30 ∆DEF E 
b) n = 20 p = 8 P = 30 ∆MNP N 

E 2
2.7

E ≈ 14.5 D + E ≈ 30 + 14.5 = 44.5 < 180 E ≈ 14.5
E ≈ 165.5 D + E ≈ 30 + 165.5 = 195.5 > 180 165.5 E 

E ≈ 14.5

b) 

1 –1 
x y y2  ≤ x2  + y2 

2

d) b = 6 C = 135 Bc) b = 3 C = 150 B

a) DEF 2 
3.2 (1) 

ABC

a) b = 2 B = 45 C b) A = 120 B



C ≈ 48.6 C ≈ 180 – 48.6 = 131.4

a) a = 3 b = 4 A = 30 B
b) a = 2 c = 1 C = 20 A
c) a = 4 b = 6 B = 60 A

a = 2 cm c = 3 cm A = 30 C

C 48.6 161.4

1. 3 cm A B

C 2 

C

• C ≈ 48.6 A + C ≈ 30 + 48.6 = 78.6 < 180
• C ≈ 131.4 A + C ≈ 30 + 131.4 = 161.4 < 180

3.4  2 1 2

3. 2 cm 2
B 2

2

2. A 30

2 
2 



5

a = 6, , C = 45 ABC 3 

3 
a) b = 5 C = 30 ∆ABC
b) b = 6 c = 4 A = 120 ∆ABC
c) a = 9 B = 150 ∆ABC
d) a = b = 4 C = 60 ∆ABC
e) c = 2 B = 135 ∆ABC

c > 0 

3.5 *

A B AB c

B (p, q) 

p = acos C y q = asen C
A B 

ABC c2 = a2 + b2 – 2abcos C 

A(b, 0) C(0, 0) ABC 

ABC 



3.6  3 

a = 8 b = 5 c = 7 3 

1. 3 

2. ∆ABC cos B a b c

A = 180 – B – C ≈ 180 – 38.2 – 60 = 81.8
A ≈ 81.8 , B ≈ 38.2 y C = 60

B ≈ 38.2

3 3 

C = 60

2 

B ≈ 38.2 B ≈ 180 – 38.2 = 141.8 B ≈ 141.8
B + C ≈ 141.8 + 60 = 201.8 B ≈ 

38.2

c2 = a2 + b2 – 2abcos C 

,

∆ABC 

∆ABC 

∆ABC 

∆ABC 

∆ABC 

,
,

,

,

,



5

1. ABC 

2. ABC 

6. 

a) b = 24 B = 38 C = 120 c

c) a = 12 b = 16 A = 45 B

e) b = 2 c = C = 120 B

4. ABC   3 

3. 3 

3.7  

5. ABC    3 

,

,

,

,

,

b) c = 10 A = 135 C = 30 a

d) a = 3 b = 2 B = 30 A



3.8  

4 km
2 km

1 km

km 3
2

1. A 5 km A 7 km 
B 60 B 

x2 = 12

x x ≈ 3.5 km
4 km + 2 km + 3.5 km = 9.5 km

3. 2
30 1 m 2

2.

2 40 m 42 m 42 m 120
m2 

2

4. 2 



5

1. 

2. 2 15 20
2 120

3. 38 m
4

4. 30 15

100

30

6. 3
3

5.
PQ 

3.9  



1. AD DC AC BD BC 

2. BC AC DB AB θ 

7. 

a)                    sen θ 
a)                    cos θ 

c) tan θ = 2 cos θ sen θ 
d) sic θ = 7 cos θ sen θ 

8. PQ 

9. A(–3, –1) B(0, 3) C(3, 4) D(4, 1) ABCD 

3. 7 

4. 30 70

5. 50 11

6. 30
60 10

h

30 

60 

3.10



5

10. x y

15. ABC 

11.

12. θ 

13. sen θ cos θ tan θ 0 ≤ θ < 90

14.

a)                       90 < θ < 180 sen θ tan θ

b)                    θ 2 tan θ

c) sen θ = 2 θ 1 cos θ sen θ

16.
a) a = 3 A = 60 C = 45 c
b) a = 1 A = 30 B 
c) b = 2 A = 150 a
d) a = b = 2 3 
e) a = 4 b = 1 B = 60 A

17. 2 
12 

18 2 75

3.11 

N 



MODE deg 

2

D
D degree

sin sine 

DEG 
RAD GRAD

400 

DEG
RAD DEG 

DEG GRAD 
GRAD GRAD 



10

1940



1.1  – θ, 90 – θ 180 – θ 

1. 2.2 5 P (a, b) x P'
(a, -b) 

P(a, b) OP = 1 θ x P (cos θ, sen θ) x

– θ x P' 

(1) (2) cos(– θ) = cos θ sen(– θ) = – sen θ 

2. P (a, b) P' (b, a) 

P(cos  θ,  sen  θ) 

P‘ P 90 – θ 
x P' 

1. cos(– θ) = cos θ sen(– θ) = – sen θ

3. P(a, b) P‘(– a, b) y

2. cos(90 – θ) = sen θ sen(90 – θ) = cos θ

x y3. cos(180 – θ) = cos θ sen(90 – θ) = sen θ

(3) (4) cos(90 – θ) = sen θ sen(90 – θ) = cos θ 



6θ 0 ≤ θ < 90

1. cos(– 40 ) = cos 40
2. sen 120 = sen(180 – 120 ) = sen 60
3.

tan 320 = – tan 40

3.                                        

2. tan(– θ) = – tan θ 

4. tan(180 – θ) = – tan θ 

(5) (6) cos(180 – θ) = – cos θ sen(180 – θ) = sen θ 

P OP = 1 x
θ (cos θ, sen θ) y

x 180 – θ
P'

θ 

θ 
θ

1. θ 0 ≤ θ < 90



1.2 θ + 180 , θ – 180 90 + θ 

θ 

θ 0 ≤ θ < 90

θ 0 ≤ θ < 90

a) 200 = 20 + 180 cos 200 = – cos 20
b) 130 = 90 + 40 sen 130 = sen(90 + 40 ) = cos 40
c) 250 = 70 + 180 tan 250 = tan(70 ) 

a) P(a, b) OP = 1 θ x P
(cos θ, sen θ)

x θ + 180 P' 

(1)  (2) cos(θ + 180 ) = – cos θ sen(θ + 180 ) = – sen θ 

b) θ – 180 – (180 – θ) 
cos(θ – 180 ) = cos(– (180 – θ)) = cos(180 – θ) = – cos θ

cos(θ – 180 ) = cos(– (180 – θ)) = cos(180 – θ) = – cos θ

c) 90 + θ 180 – (90 – θ) 
cos(90 + θ) = cos(180 – (90 – θ)) = – cos(90 – θ) = – sen θ 

cos(90 + θ) = cos(180 – (90 – θ)) = – cos(90 – θ) = – sen θ

,
,

,



6

1.3  *

a) R1 OPQ P (cos α sen α) Q
(cos β sen β) P Q

OPQ – β P Q
P'(cos(α – β) sen(α – β)) Q'(1, 0) P' Q'

b c e f 

θ sen2θ + cos2θ = 1

b c e f 

b) sen θ = cos(90 – θ) cos θ = sen(90 – θ)

d(P, Q) = d(P', Q') 

α + β = α – (–β), α – β = α + (–β)
b) c) a) b)

1.1.



1.4  1

75 = 45 + 30 sen 75 cos 75 tan 75

5 2.6 

75 = 45 + 30

cos 75

tan 75

1.

2. 

(0 30 45 60
90 180 )
120 135 150 210 225
240 270 300 315 330



6

1.5  

a) cos 2θ = cos2θ – sen2θ = 2cos2θ – 1 = 1 – 2sen2θ b) sen 2θ = 2sen θ cos θ

90 < θ < 180 sen 2θ cos 2θ 

cos θ θ 90 180
cos θ 

cos 2θ 

1. 0 < θ < 90 sen 2θ cos 2θ 

3. θ sen 2θ cos 2θ tan 2θ 

2.                          cos 2θ 

4.                        

cos θ cos 2θ = 2cos2θ – 1 

a)
cos 2θ = cos(θ + θ) = cos θ cos θ – sen θ sen θ = cos2θ – sen2θ (1)

sen2θ + cos2θ = 1 cos2θ = 1 – sen2θ (1) 

cos 2θ = cos2θ – sen2θ = 1 – sen2θ – sen2θ = 1 – 2sen2θ

sen2θ sen2θ = 1 – cos2θ (1) 

cos 2θ = cos2θ – sen2θ = cos2θ – (1 – cos2θ) = cos2θ – 1 + cos2θ = 2cos2θ – 1

b)
sen 2θ = sen(θ + θ) = sen θ cos θ + cos θ sen θ = sen θ cos θ + sen θ cos θ = 2sen θ cos θ

2

1

θ 
a) cos 2θ = cos2θ – sen2θ = 2cos2θ – 1 = 1 – 2sen2θ b) sen 2θ = 2sen θ cos θ



θ 

a) 

b) a) 

1.6  

1. c) 

2. 1 

2 
1

3.                                  
2 
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1.7  2

2.            con θ 3 sen cos tan     

1.                       22.5 1 sen 22.5 cos 22.5 tan 22.5

2. θ 4 270 < θ < 360 135 < < 180 2 
sen    cos tan    

1. 

2. cos θ sen cos       tan     

3. sen θ = 180 < θ < 270 sen     cos     tan

1. sen 22.5 cos 22.5 tan 22.5



1. θ 0 ≤ θ < 90

5. sen(α + β) + sen(α – β) = 2sen α cos β 

6. sen 2θ cos 2θ tan 2θ 

9. ABCD AD = 10 DE = 12 BDA = 2 EDA 

a) cos θ 
b) cos 2θ 
c) BD 

1.8  

7. cos 480 sen 480

8. sen θ

3.                                 

4.  

2.
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2.1  *

tan2θ = 1
tan θ = 1 tan θ = 1

tan θ = –1

2cos θ – 6 = – 4 0 ≤ θ < 360

cos θ 

• tan θ = 1 θ = 45 θ = 180 + 45 = 225

• tan θ = –1 θ = 180 – 45 = 135 θ = 360 – 45 = 315

tan2θ = 1 θ 0 360 θ = 45 135 225 315

tan θ

tan θ

0 ≤ θ < 360

cos θ θ = 0 1 θ 0 360 2cos θ – 6 = – 4 θ = 0

tan2θ = 1 0 ≤ θ < 360

0 ≤ θ < 180
sen θ 0 180



• θ = 30 θ = 180 – 30 = 150

• θ = 270 sen θ + 1 = 0 sen θ = – 1 

2sen2θ + 3cos θ – 3 = 0 0 ≤ θ < 360

cos θ 

cos θ 2cos2θ – 3cos θ + 1 = (2cos θ – 1)(cos θ – 1) = 0 

cos θ – 1 = 0 cos θ = 1 θ = 0

2sen2θ + 3cos θ – 3 = 0 0 ≤ θ < 360 θ = 0 60 300

θ = 60 θ = 360 – 60 = 300

0 ≤ θ < 360

y = sen θ 2y2 + y – 1 = 0 

2y2 + y – 1 = (2y – 1)(y + 1) = 0 y = sen θ

2.2 

2cos2θ – sen θ – 1 = 0 0 ≤ θ < 360

2cos2 θ – 3cos θ + 1

2y2 + y – 1 = 0 

cos2θ + sen2θ = 1
cos2θ = 1 – sen2θ sen2θ = 1 – cos2θ

–1 ≤ sen θ ≤ 1 
–1 ≤ cos θ ≤ 1

2cos2θ – sen θ – 1 = 0 0 ≤ θ < 360 θ = 30 150 270

sen θ 
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2.3 

0 ≤ θ < 360

θ 45 315 θ 0 360
θ = 45 315

cos2θ θ
0

θ 225 315 θ 30 150
θ = 30 150 225 315

cos 2θ – 2 cos θ + 2 = 0 0 ≤ θ < 360

0 ≤ θ < 360
cos 2θ = 1 – 2 sen2θ



0 ≤ θ < 360

2.4  

sen 2θ + cos θ = 0 0 ≤ θ < 360

• cos θ = 0 θ = 90 θ = 270

sen 2θ sen 2θ = 2 cos θ sen θ
θ

•
θ = 180 + 30 = 210 θ = 360 – 30 = 330

sen 2θ + 2sen θ = 0 0 ≤ θ < 360

cos θ = 0 2sen θ + 1 = 0

sen 2θ + cos θ = 0 0 ≤ θ < 360 θ = 90 210 270 330

sen θ = 0 cos θ + 1 = 0

• sen θ = 0 θ 0 180
• cos θ + 1 = 0 cos θ = – 1 θ = 180

sen 2θ + 2sen θ = 0 θ = 0 180
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2.5  *

• θ = 30 θ = 180 + 30 = 210

• θ = 180 – 30 = 150 θ = 360 – 30 = 330

0 ≤ θ < 360

tan 2θ = cot θ 0 ≤ θ < 360

0 ≤ θ < 360

sec θ 

sec θ = 0 

• sec θ = 0 0 0 

•

θ 60 120

tan 2θ = cot θ 0 ≤ θ < 360 θ = 30 150 210 330

3

0 ≤ θ < 360 θ = 60 120



0 ≤ θ < 360

3. A + B + C = 180 sen(B + C) = sen A 

4. tan 35 = x 

5. θ sen θ cos θ 

1. 0 < α < 90 ,                      sen β cos β tan β 

2. 0 ≤ θ < 360

2.7  

2.6  

1 sen(α + β)
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19
1843

GeoGebra



a) A B 
b) A B 
c) A B 

A B 

A B 
a b c

ǁ ǁ 
1 ǁ ǁ = 1 

0
180 90

2. ABCD 1 

1. 1 

a)
b)
c)
d)

A B 

a) A B 3
b) A B 
c) B A A B 

a) 
c) 

b) 
d) 

1.1  



7

a) B A C 
b) C A B 

a) + =

b) 

3

= 

b) a) 

1.2 



≠ r ≠ 0 (r > 1) (0 < r < 1)
(r > 0) (r < 0) r

ǁr ǁ = |r|ǁ ǁ 0 = r =

1. 

2.

1.3  

r s

r = r



7

O M = 
x y 

= (x, y) (x, y) 

1

= 2    + 3 

1.4  *



1.5  

r

(3, 4) = (1 + 2, 3 + 1) 

(–1, 2) = (1 – 2, 3 – 1) (4, 2) = (2 2, 2 1) 



7

A(2, 1) B(3, 3) 2 

a)  (2, 1) (3, 3) 

1.6 

a)

b)

E1(1 0) E2(0 1) 

A(x, y) 

B(x , y ) 

1. A B 

b) ∆ABD 

2. A = (1, 3) B 



r 

(2) 
r (1) 

(–6 –9)

r

r

x

1.7  

= (–3, 4) 15 

3 = 3(–3, 4) = (–9, 12) –3 = –3(–3, 4) = (9, –12)

1.

2.

3. A = (1, 2) B = (3, 5) D = (0, 0)  ABCD C 

r

u = (x,  y) 
x y 



7

1. 1 
a)
b)
c)
d)

2. 

3. 

4.

5.

6.

1.8 

7. A B

8. = (–2, 1) = (3, 5) 

10.



2.1  

AB AC 2 AC AB AH BH AC

2. 

1.

B AC 
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2 

2.2  

= 0 = 0 · = 0 

A B AB 4 2 AB AM
a) A BM b) B AM c) M AB 

b) OA OC
OA · OC = – ‖ OA ‖ ‖OC ‖ = –(2 3) = –6.

d) AB AC
AB · AC = – ‖ AB ‖ ‖ AC ‖  = –(2 5) = –10.

2. A B AB 2 2 AB AM
a) A BM b) B AM c) M AB 

3. A B AB 6 2 AB M 

1. l OI 1 

a) OA OB
OA · OB = ‖ O ‖ ‖ O ‖ = 2 4 = 8.

c) IA CB
IA · CB = ‖ IA‖ ‖ CB ‖ = 1 7 = 7.

· =

l OI 1 

A B AB 4 2 AB M 

2

3

1

‖ ‖ ‖ ‖
‖ ‖ ‖ ‖



2.3  

2 0 2 
0 

A ABC 

1. ABCD 

2. AB=4 AD=2 CD=3 ABCD 

2 ' 
' · = · ' 

r 3 , , 

∆OAH ∆OBI,
OB·OH = OA·OI

' · = · '
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' 

2.4 

2 · = ‖ ‖  ‖ ‖ cos α

1. α 

2.

‖ ‖ 2, ‖ ‖ 3 α 60 120

· = ‖ ‖ ‖ ‖ cos α 
· = · 

1.1 2 
0 180

A α 

‖ ‖ = 3, ‖ ‖= 2 · = 9

· = ‖ ‖  ‖ ‖cos α α 

0 < α ≤ 180 α = 30

, , ,



( , ) = (x, y) = (x' y') 2 = x + y = x + y · 

2.5  

3 

4 

,

,

2 0

3. 

2. x 

1. ·

2 = (x, y) = (x', y') 

= (3, 2) = (1, 2) 
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3. l OI 1 

4. A B AB 1 2 AB · AM
a) A BM b) B AM c) M AB 

5. A B AB 3 2 AB M

6. O ABCD 

1. 

2. 

2.6 

7. α 

8.

9. · 

10. x 

11.

, ,



z = a + bi = a - bi

A 
( 1, 2 )

z a bi 1 x z (a) 
2 y z (b) 

z = a + bi (a, b) |z| 

2. 

3.|z|2 = z

z = 2 + 3i 

1. 

3.1  

z = 2 + 3i = (2, 3) 1 = (1, 0) 2 = (0, 1) 
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3.2  

2 w= a + bi  z = c + di w + z (a, b) + (c, d) 

w – z (a, b)  – (c, d) 

(ra, rb) rw

2. 

a) (2, 2) 

b) (1, -4) 

c) w + z = 1 – 4i + 2 + 2i = 3 – 2i
(3, -2) 

d) w – z = 1 – 4i – (2 + 2i) = –1 – 6i
(–1, – 6) 

e) 2w = 2(1 – 4i) = 2 – 8i (2, –8) 

z = 2 + 2i w = 1 – 4i

w = 2 + i 

1. z = 2 – i w = 3 + 2i



3.3 *

2 Oz 60

z a x b y
z = a + bi

2cos 60 (2sen 60 )i 

a = 2 cos 60 b = 2 sen 60

1. 

2. z 

z Oz
arg(z) θ z

θ 360 n z

|z| θ z



1. zw 

7

3.4  

2 z = |z|(cos α +  i sen α) w = |w|(cos β + i sen β) zw

2 z = |z|(cos α + i sen α) w = |w|(cos β + i sen β)

zw si z = 2(cos 20 + i sen 20 ) w = 3(cos 10 + i sen 10 ) 

sen(α + β) = sen α cos β + sen β cos α
cos(α + β) = cos α cos β – sen α sen β

2

,
,

,

,
,

,

,

2. z, w, zw 



3.5  

w = 2(cos 40 + i sen 40 ) zw = 6(cos 60 + i sen 60 ) z 

z = |z|(cos θ + i sen θ)

zw 6(cos60 + i sen60 ) 

40 + θ 60 360 n n 

2 z = |z|(cos α + i sen α) w = |w|(cos β + i sen β)

z = 4(cos 50 + i sen 50 ) w = cos 20 +  i sen 20

2. z, w

1.
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3.6 

z = 2(cos 15 + i sen 15 ) z2 z–2

z = |z|(cos θ + i sen θ)

n 

z3 = 1 z 

z = |z|(cos θ + i sen θ) con 0 ≤ θ < 360 ,
z3 = |z|3(cos 3θ + i sen 3θ) = 1(cos 0 + i sen 0 ) 

|z|3 = 1 |z| = 1 

3θ = 360 n (n ) 0 ≤ θ < 360 , 3θ = 0 , 3θ = 360 3θ = 720 , 
θ = 0 , θ = 120 θ = 240

z3 = 1 son z1 = cos 0 + i sen 0 z2 = cos 120 + i sen 120 ,
z3 = cos 240 + i sen 240 z 

1. z = 2(cos 15 + i sen 15 ) 

z1, z2, z3

z0 = 1 

n

2. w = 3(cos 20 + i sen 20 ) w–3

3. z4 = 1 z 
4. w6= 1 w 



1.

2.

3. z = 1 2i w = 2 + 2i

5. 

4. 

6. zw 
a) z = 3(cos 23 + i sen 23 ) w = 4(cos 37 + i sen 37 )
b) z = 2(cos 41 + i sen 41 ) w = 5[cos(–11 ) + i sen(–11 )]
c) z = 3(cos 200 – i sen 160 ) w = 2(cos 20 – i sen 20 )

7. z = cos 10 + i sen 10

3.7  

9. 
a) z = cos 25 + i sen 25 w = 3[cos(–35 ) + i sen(–35 )]
b) z = 6(cos 21 + i sen 21 ) w = 3(cos 9 – i sen 9 )
c) z = 2(cos 115 + i sen 65 ) w = 2(cos 5 – i sen 5 )

8. w = 2(cos 9 + i sen 9 ) w-5 



7

3. + + ‖ ‖ = 3, ‖ ‖ = 2 ‖ ‖ = 4 

4. x 

2. + –

8. P Q 

3.8 

9. ABCD AB = a BC = b AB AC AD AC AD BC AB CD AB CB BC DI
AB IA a b 

1 4 

1. + + 

1.3

5. = (2, 1) , = (1, 4) = (5, 6) 

6. ( 1, 2) = (2, 6) 

7. ABC AC I BC J 

PQ BC



1. ABCD I CD x 

2. ABCD AB 2 AD 4 

8. 2 z w

6. 

a) J I BC AB AJ DI 
b) x

3. = (a, b) r
(rb, –ra)

4. OA = (1, 4) OB = (3, 2) I OI

5.

AI AC

7. 

|z|2= z z + w = + 

3.9  
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4.1  GeoGebra 

2. = (3, 1) v = (3, 1) 

3. +
u + v

(la Vista Gráfica)
(la Vista Algebraica)

4. 3. – , +

6. GeoGebra 

GeoGebra

GeoGebra

GeoGebra
1. (la barra de entrada) = (1, 2)

u = (1, 2) GeoGebra

5.
4

4u 

–2



4. = (-1, -1) α Anglo(w, v)

GeoGebra 

1. A = (2, 4) B = (3, 2) 2 
AB (A,B) 

2. 1 C = (1, 2) D = (3, 0)
CD

GeoGebra 

5. 4 
(el comando de 

producto escalar) 
GeoGebra 

3. AB CD u v ProductoEscalar(u, v) 
a 
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4.2  GeoGebra 

3.9
GeoGebra

3.2 

3.9 2 

1. A = (0, 2), B = (0, 0), C = (4, 0), D = (4, 2)
(el botón de Polígono)

2. AB BC
DI AJ



4. Ángulo(u, v) 

5. AJ ID
JED

6. 

• 3.9 1 3 4 GeoGebra 

• I BC 1 ABCD x 

= (a, b) r (rb, -ra)

• OA =(1,4) OB =(3,2) AB I OI



3050
40

19

GeoGebra



150 

c) 

1.1  

b) 1,000 15

•

•

•

• 2 

3 

a) 1,000 

•
–

–

1,000 15

a)
b)
c)
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21,000 2,000

a)

b)

a) 21,000 
2,000

b)

2.

a) 

c) 

e) 

g) 

i) 

k) 

b) 

d) 

f) 

h) 50 

j) 

l) 

1.
a) 10 

b) 9 

c)

• • 

•
... • 

1973

d)

e)



1.2  

1. 5

1. 1 N
N

3.

2. 1 
m

3. 2
m

4. 3 2 m 5
a 5 a a + m a + 2m

a + 3m a + 4m

2.
1

N = 40 a = 3 3 11 19
37 35

1 

2
5 

N n

1

N n

1. 2 

2. 2 

3. 

1
5 
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1.3  *

20 
1 20 40 8 
2 20 15 3 

1 20 20 4 
2 20 25 5 

4 

1 1 

2 2 

1 24 12
2 9 15

1 8 1 4 2 3 2 5 
20 

70 40
30 60

20 1 2 

2 3 

40 



1.4  

•
•

•

•

1

2

3

4

100 100

4

4

a) b) 
c) d) 5 
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1.5  

21 

a)

b) f Pm

15 16 2 12 15

2 12 15

9 14 15 14 19 16
11 18 9 12 20 12
12 11 10 19 14 13
15 12 11 18 11 16
14 16 17 12 13 17

c) f(Pm - μ)2 

(km/h)
60 65 40 80 80 90 45
70 100 70 50 80 55 118
75 65 90 85 70 100 55
110 70 95 70 80 115 100

(f) (Pm) f x Pm Pm – μ (Pm – μ)2 f(Pm – μ)2

9 12 7 10.5 73.5 –4 16 112
12 15 11 13.5 148.5 –1 1 11

15 18 7 16.5 115.5 2 4 28

18 21 5 19.5 97.5 5 25 125

30

a) 40 120 20 20 4

b)
c)

a) 9 21 3 in 3 4 

b) μ

c) (σ2) 

a) 



1.6 

30 30 20 

(f)
1,000 2,000 5
2,000 3,000 11
3,000 4,000 8
4,000 5,000 6

30

(f)
1,000 2,000 3
2,000 3,000 7
3,000 4,000 6
4,000 5,000 4

20

(f) (Pm)
f Pm

1,000 2,000 5 1,500 7,500
2,000 3,000 11 2,500 27,500
3,000 4,000 8 3,500 28,000
4,000 5,000 6 4,500 27,000

30 90,000

(f) (Pm) f Pm

1,000 2,000 3 1,500 4,500
2,000 3,000 7 2,500 17,500
3,000 4,000 6 3,500 21,000
4,000 5,000 4 4,500 18,000

20 61,000

a) 30 

b) 20 

30

= μ = Me = Mo
20 

= = = 

3,000

60
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1.7  

σ2 σ 

s2 s

(f)

1,000 2,000 5

2,000 3,000 11
3,000 4,000 8
4,000 5,000 6

30

(f)

1,000 2,000 3

2,000 3,000 7
3,000 4,000 6
4,000 5,000 4

20

(f) (Pm)
f Pm Pm – μ (Pm – μ)2 f(Pm – μ)2

1,000 2,000 5 1,500 7,500 –1,500 2,250, 000 11,250,000

2,000 3,000 11 2,500 27,500 –500 250 000 2,750,000
3,000 4,000 8 3,500 28,000 500 250 000 2,000,000
4,000 5,000 6 4,500 27,000 1,500 2,250, 000 13,500,000

30 29,500,000

(f) (Pm) f Pm Pm – x ̅ (Pm – x ̅)2 f(Pm – x ̅)2

1,000 2,000 3 1,500 4,500 –1,550 2,402,500 7,207,500

2,000 3,000 7 2,500 17,500 –550 302,500 2,117,500
3,000 4,000 6 3,500 21,000 450 202,500 1,215,000
4,000 5,000 4 4,500 18,000 1,450 2,102,500 8,410,000

20 18,950,000

=

=

n n – 1



1.8  *

2016 5 17 

s CV

5 110.4 4.74
17 170.7 5.81

CV
0% – 10%

10% – 20%
20% – 30%
30% – 40%
40

100 10 

CV 100 10 10 

a) 2 

b)

a) 17 

b) 5 4.74 110.4 ≈ 0.043 17 5.81 170.7 ≈ 0.034

17 5

4 

1 x̅ = 14, s = 3 2 x̅ = 17, s = 2 3 x̅ = 12, s = 5 4 x̅ = 15, s = 1
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1.

a) 40 
b)
c) 20

2.

a
c

b
d

3.

a) 1 10 

b) 3 4 3 4 

c) 2 
d)

4. 30 

a)
b) 2 0.8 

5.
a) b) 
c d) 

6. 30 

1.9 

35 15
25 25

0 1 12

1 2 30
2 3 32
3 4 16

90

0 1 4

1 2 10
2 3 11
3 4 5

30



2.1  

a) 

b) a) 

c) a) 

25 6 50 9.5 75 12 

4

1 25 2 50 3 
75

(2n + 1) b)
n c) n

3 1 (C3 C1) RI 

1 2 3

3 

a)
b)
c)
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a) 1 2 3
b) 1 3 

25
25

50

2.2 

2.

1. 

a) 2 1 6 2 9.5 3 12 15 

1.5
C1 - 1.5(RI) C3 + 1.5(RI)

1 1 1
2

b)



2.3 

1 2

1 

a)
b)
c)
d)

b) 1 1 2 

1 12 

a)
b)

c) 1 25
25 1 7 1

7 7 1
25 1

7

d) 1 75 7 1 7 1 

a) 

1 

7 

7 

1 
7 

1 
7 
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2.4  

a) 20
b) 60
c) 5
d) 95

a) 6, 9, 2, 10, 1, 7, 8, 2, 7, 5, 11, 12, 9, 5, 3, 10, 12, 7, 4, 8. 3, 5 7
b) 4, 6, 10, 15, 13, 7, 9, 5, 7, 7, 12, 14, 10, 9, 6, 11. 4, 6 9

20 5

a) 20 5 
b) 60 10 
c) 5 2 
c) 95 14 

10 

10% 10% 2 
20% 90% 9 

100 

1%  1% 2 2% 
99 99 

n d



1.
3

2. 1

3. 

4. 12 100 

a) 

b) 

c) 

d) 7 

e) 

2.5  

5. 

a) 10, 6, 7, 11, 13, 8, 9, 5, 9, 10, 12, 12, 7, 9, 11, 15, 4, 6. 2 4 8

b) 10, 5, 7, 11, 8, 9, 12, 7, 6, 10, 9, 8, 14, 13, 9, 11, 5. 3, 7 9

c) 8, 5, 4, 2, 1, 7, 3, 9, 10, 9, 8, 6, 2, 11, 3, 14, 11, 8, 13, 10, 6, 12, 10, 4, 3. 1, 5 7
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PC
50

PC
PC PC

a)

b)

c) PC 

d) PC 

e)

f)

g)

h)

i) PC 

PC
0 2 10
2 4 15
4 6 9
6 8 9

8 10 5
10 12 2

PC
0 2 8
2 4 17
4 6 13 
6 8 8

8 10 3
10 12 1

2.6  



8 1 
( ) 

a)

b)

c) 8 

d)

e)

f)

g) 7 

h) 5 m 

i) 1 4 m 

j)

k) c) 

1 3.5 3.8 3.7 3.8 3.9 3.7 4.0
2 3.8 4.2 4.3 4.2 4.4 4.6 4.6
3 4.5 4.8 4.7 4.9 4.9 5.3 5.2
4 5.2 5.5 5.7 5.6 5.8 5.9 6.0
5 5.8 6.3 6.5 6.8 6.8 6.9 6.8
6 6.7 6.9 7.0 6.5 6.8 7.0 7.1
7 6.9 7.2 7.3 7.2 7.4 7.1 7.5
8 7.4 7.7 7.8 7.6 7.9 7.8 7.9

2.7  

(m)
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3.1  GeoGebra 

GeoGebra

GeoGebra

2. A 1

3.

4. (Análisis de una variable) " "

(Analiza)

(km/h)
60 65 40 80 80 90 45
70 100 70 50 80 55 120
75 65 90 85 70 100 55

110 70 95 70 80 115 100

1.5

1. (la vista de hoja de cálculo) 
GeoGebra 

(opción Hoja de Cálculo) 



6. (las opciones de la vista) (las
opciones de tabla de frecuencias)

(la opción polígono de frecuencias)

7. (Estadísticas)

8.

GeoGebra 2.7
A 1 B 2

H 8

5.
8



x = ¿??

20

sin 10 =  x cos 20




