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1.1 4 1

________
x4 – 24x2 – 25 = 0

y = x2 y2 – 24y – 25 = 0 

y – 25 = 0 y + 1 = 0
• y – 25 = 0 y = 25 x2 = 25 x = 5
• y + 1 = 0 y = – 1 x2 = – 1 x = i

y2 – 25y + 144 = (y – 16)( – 9) = 0

x4 – 25x2 + 144 = 0 
1. y = x2 

2. 1. 2 
3.

1. (x2)2 – 25(x2) + 144 = 0 y = x2 

(x2)2 – 25(x2) + 144 = y2 – 25y + 144 = 0

2. 2 144 –25 2 

y2 – 25y + 144 = (y – 16)(y – 9) = 0
y – 16 = 0 y – 9 = 0 y = 16 y = 9

3. 1. y = x2 2. y = 16 y = 9 
x2 = 16 x = 4 x2 = 9 x = 3

x4 – 25x2 + 144 = 0 x = – 4 – 3 3 4

A Ax4 + Bx2 + C = 0 4 

4 y = x2 2
4 2 2 4

1 2 

x4 – 25x2 + 144 = 0 x = – 5 5 i –i



11.2  4 2

y = x2 2y2 – 15y + 27 = 0 
2y2 – 15y + 27 = (2y – 9) (y – 3) = 0 

2x4 + 33x2 + 16 = 0 

2x4 – 15x2 + 27 = 0 

2x4 – 15x2 + 27 = 0 

2x4 + 33x2 + 16 = 0

2x4 + 33x2 + 16

2x4 + 33x2 + 16 = (2x2 + 1)(x2 + 16) = 0

Ax4 + Bx2 + C (ax2 + b)(cx2 + d)
y = x2 4



1.3 1

2 

1 

2 

x = 64 
x = 64 

2

2 

x = 4 

1 



11.4 2

2
2

4x2 = 0 x = 0 4 – 2x = 0 x = 2 2 

x = 0 x = 2 

4x2

4 

a) 2 

2 

x = 4 

b) 2 

2



2x = 1 x

1.5 3

2 

x 
x = 1 

x = 2

2

x – 2 = 0 x – 12 = 0 x = 2 x = 12
2

A2 = B2

A = B

32 = (–3)2 3 ≠ –3

2 



11.6  *

(x + y)2(x – y)

a) 4 6 15 
4 = 22, 6 = 2(3), 15 = 3(5)

4 6 15 22(3)(5) = 4(3)(5) = 60 

b)

6x = 2(3)x 3x + 1 6x + 2 = 2(3x + 1)
6x 3x + 1 6x + 2 2(3)(x)(3x+1) = 6(3x2 + x) = 18x2 + 6x 

c) b)
3

2m + 3 2m – 3 2 4m2 – 9 = (2m – 3)(2m + 3) 

2m + 3 2m – 3 4m2 – 9 (2m – 3)(2m + 3)

x + y x2 + 2xy + y2 x2 – y2

mcm

x + y x2 + 2xy + y2 x2 – y2 (x + y)2(x – y)



a) x
x – 2 x

2 x – 2

b) 3 

x + 3 2x – 1 2x2 + 5x – 3 = (2x – 1)(x + 3) 3 
(2x – 1)(x + 3) x -3 

1.7  

x = –15 –15 x = –15 

x = 3 x – 2 3 – 2 = 1
x = 3 



1

x = 3 
x ≠ 1 x ≠ 0 x(x – 1) 

x 0 1 x – 1 x2 – x x(x – 1) 

x = 3 x = 1 x ≠ 1

x =3 



1.8  

1 1 

1 y 

1 

x = 0 x = 2

y (1) x x = 0 y = 2 x = 2 y = 0 
x = 0 y = 2 x = 2 y = 0

1 y y = x – 2 1 

(x – 1)(x + 3) = 0 x = 1 x = –3

x = 1 y = –1 x = –3 y = –5 
x = 1 y = –1 x = –3 y = –5 

1 1 1 2 1 1

2 1 
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1.9  

4. 

1. 

3. 

2. 



4. 

1. 4 

2. 

5.
a) y = 2x – 2 y = x2 – 2x + 1 
b) a) 2 x y 
c) (x, y) x y b)
d) c) a)
e) 1 1 1 2 

1.10

3. 
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GeoGebra



1.1  2 

a) A(–2) B(3)
b) A(3, 4) B(–1, 1) 

a) –2 3 A B 2 
5

b) (3, 4) (–1, 1) A B
A B AB

p P(p) P
p

P(x1, y1)
x1 x

y1

ABC 

BC x –1 3 

CA y 1 4 

CA = 4 – 1 = 3

BC CA 

AB 

A B 

A B 5 B A 



2

= 16.

a) A B 

b) A B 

|a – b| a – b a) A(a) B(b)

b) A(x1, y1) B(x2, y2) 

A B d(A, B) AB 1 

A B 5

d(A, B)

d(A, B) = 16

2 A B d(A, B) 

x |x| x

a) A(3) B(7)
e) A(–8) B(0)
i) A(5, 6) B(2, 3)
m) A(–3, 4) B(1, 3)

b) A(0) B(6)
f) A(–3) B(–10)
j) A(3, 2) B(–2, 1)
n) A(0, 0) B(4, –5)

c) A(–1) B(1)
g) A(7) B(2)
k) A(4, 6) B(–5, –3)
ñ) A(–5, 4) B(2, –1)

d) A(–3) B(–1)
h) A(5) B(–4)
l) A(7, 2) B(1, –4)
o) A(6, –2) B(6, –5)

A B d(A, B)



1.2  

P 

1. AB P(p) 

2. 2 A(–1) B(b) P(1) AB 4 5 b 

A(–3) B(5) AB 3 1 P(p)

a = –3 b = 5 k = 3 n = 1

P 3

d(A, P) = |a – p| = p – a  d(P, B) = |p – b| = b – p p > a 
b > p 

a) 3 2 A(1) B(6)
d) 2 3 A(– 10) B(0)

b) 2 5 A(– 4) B(3)
e) 3 4 A(–16) B(–2)

c) 1 4 A(0) B(5)
f) 1 3 A(–1) B(7)

A(a) B(b) 2 
AB 2 3 P

2 A(a) B(b) AB AB 
k n P(p) 

P AB 2 3 



2

1.3  *

A(x1, y1) B(x2, y2) 2
AB

AB 2 3 P(x, y)

A1(x1, 0) P1(x, 0)
B1(x2, 0) A2(0, y1) P2(0, y) B2(0, y2)

AA1 PP1 BB1 AA2 PP2 BB2

AA1 PP1 BB1 

P y 

P x 

p r 3

AB P(x, y) 

2 A(x1, y1) B(x2, y2) AB AB k n 
P(x, y)

a) 1 3 A(–5, 1) B(3, –3)
c) 3 2 A(1, 8) B(6, –2)

b) 3 4 A(–2, –10) B(5, 4)
d) 4 5 A(–2, –9) B(7, 0)



1.4  

AB 

1. A(a) B(b) 
1 1 2 22. A(x , y) B(x , y)

1. AB P 

2. AB P 

AB 1 1 

AB 1 1 
k = 1 n = 1

1. P p 

2. P (x, y)

P 

P 

1. A(a) B(b) AB P(p)

2. A(x1, y1) B(x2, y2) AB P 

a) A(1) B(7)
e) A(–6) B(–2)

b) A(0) B(8)
f) A(–7) B(–3)

a) A(1, 2) B(3, 6)
d) A(1, 6) B(4, 0)

b) A(–6, 4) B(0, –2)
e) A(–5, –1) B(3, 1)

c) A(–4, –5) B(2, 1)
f)      

c) A(–2) B(4) d) A(–4) B(2)
g)      h)               



2

1.5

A B C 3 

CA C A 

d(A, B) = d(C, A) ABC 2 AB CA 
∆ABC 

ABC 

∆ABC 2 AB CA 
A B AB

1. 3 A(3, 3) B(–3, –3)
2. 3 D(1, 4) E( –3, –2) F(5, 1) 
3. 3 A(3, 7) B(–3, –1) C(3, –1)

3 a b c a2 + b2 = c2 



1.6  

9. ABC A (–2, 4) AB BC (–3, 1) (1, 0)
B C 

10. ABCD A (–4, 4) AB BC CD (–2, 0)
(4, –2) (6, 4) B C D 

8. A(2, 4) B(–2, –2) C(4, 0) D E AB BC 

5. AB 

6. P(x1, y1) (0, 0) 

7. A(–1, 3) B B 

1. 2 A B 

2. A B A (–2, 5) B (x, 1) x 

3. A B A (–6, y) B (4, 4) y 

4. AB AB 
a) 6 5 A(–10) B(1)
c) 1 3 A(–6, 7) B(2, 3)

b) 3 1 A(–2) B(2)
d) 1 2 A(–4, 0) B(11, 6)



2

2.1 

3 A(–2, –3) B(0, 1) C(1, 3)
1. 2 

2. 3 3 
3. P(2, y) P A B y 

1. A B A C B C 

2.
3

3. 1 2 P(2, y) A(–2, –3) B(0, 1)
3 A B P 

2 B P 

2 A(x1, y1) B(x2, y2)
m

2. 3 

2 

2 P(2, 5) A(–2, –3) B(0, 1) y 
5 

A(–2, –3) B(0, 1) A(–2, –3) C(1, 3) B(0, 1) C(1, 3)

1. 3 A B C 
a) A(0, –3) B(3, 0) C(5, 2) b) A(–4, 1) B(0, 3) C(6, 6)
c) A(–3, 5) B(–1, –1) d) A(–3, 4) C(3, 0)



2.2  *

A(x1, y1) l P(x, y) 
m 

A (x1, y1) m l 

x –mx1 + y1 A(x1, y1)
l

1. x y
2. A(x1, y1)

l y – y1 = m(x – x1)

x x = 1
y 

A

A(–3, 2) l 
m (x1, y1) 

A(–3, 2) (1, 4) 

a) m = 2 A(6, 7) b) m = 1 A(–1, 0)

c) m = –1 A(–2, 6) d) A(1, 8)

m A (x1, y1) l 

y 



2

2.3  2 

A(–1, –3) B(2, 9) y = 4x + 1
2

A B

A(–1, –3) B(2, 9)

B

l A B
l l 2

A B 

x1 ≠ x2 2 A(x1, y1) B(x2, y2) l 

x1 = – 1 y1 = –3 

x1 y1 x2 y2

a) A(–3, –1) B(1, –5)
c) A(0, –5) B(6, 4)

b) A(2, –2) B(3, 1)
d) A(0, 4) B(12, –6)

A(–2, 4) B(4, 1)



2.4  

a) A B
x

b) A(1, –1) B(1, 3)
y

x
1 y

x = 1

1 l 
a) x y = k (0, k) l 
b) y x = k (k, 0) l 

(0, –3) (–5, 0)

1. y = –3 (0, –3) x 
2. x = –5 (–5, 0) y 

y = –3 x = –5 

1. A 1

2. 

a) A(0, 4) x b) x 
c) A(5, 0) y 

y = 2

d) A(3, –1) y 

A B 
a) A(1, 2) B(3, 2) b) A(1, –1) B(1, 3)



2

2.5  

a) b) y 
c) x 

c) x 

y
(6, 0)

b) y 

x
(0, –2)

a) y 

a b c a b
ax + by + c = 0 

1
2x – y + 1 = 0 –2x + y – 1 = 0

4x – 2y + 2 = 0
2 1

3
1 2

a) (0, 2) (3, 4)
x = 0 x = 3

y = 2 y = 4

1.

2.

x
(0, –2)

(3, 4)



2.6

4. m (0, b)
y = mx + b 

8. 2 (–1, 0) (3, 2) y = mx + b m b 

y = mx + b

1. A B C 

a) A(0, –3) B(2, 3) C(3, 1) b) A(–3, 5) B(1, 2) C(5, –1)

c) A(–1, –6) B(0, –2) C(1, 3) d) A(–4, 8) B(2, 4) C(20, –8)

2. A(0, –3) B(6, 4) A B C C(x, 25) x 

3. A 

a) b)

c) d)

5. A B 

a) A(5, 1) B(6, –2) b) A(–4, –4) B(2, 5)

c) d) A(0, 0)

6. 1 A

a) A(9, 0) y b) A(–5, 2) x 

c) y d) x 

7. 



2

3.1  x

x A(x1, y1) A x y (y1)
A(x1, 0)

a) A(x1, 0)

A x1 

y = 3x + 3 x A(–1, 0)

b) A(x1, 0)

A x1 

x + 2y – 2 = 0 x A(2, 0)

l x (x1, 0) x1 y = 0 x = x1 

x1 

x

4. x l l x 

2. ax + by + c = 0 x 

3. x = k l l x (k, 0)

x 

1. x 



3.2  y 

y 

1a) B(0, y ) y = 3x + 3 
B y1 

b) B(0, y1) x + 2y – 2 = 0
B y1

y = 3x + 3 y B(0, 3)

y = 3x + 3
(–1, 0) (0, 3)

x + 2y – 2 = 0
(2, 0) (0, 1)

l y (0, y1) y1  y = y1  x = 0 
y1 

l x y = k y (0, k) l y 
y 

2 1 

y B(x1, y1) B y x (x1)
B(0, y1)

x + 2y – 2 = 0 y B(0, 1)

1. 1 y 

2.

3. p q (p, 0) (0, q)



2

3.3  2 

y = –x + 3 2x – 3y + 4 = 0 2

2 P(1, 2)

2 P(x, y) P 2 

(1) y (2) x

2 2
2 1

2 P 1 2 P R

2. y = k1 x = k2 2 

3. 10x – 5y = 10 10x – 5y = –25 2 

y = – x + 3
2x – 3y + 4 = 0

P(1, 2)

x (1)

a) y = –3x – 8 4x – 3y + 15 = 0
c) x + 2y + 6 = 0 4x + 3y + 4 = 0
e) y = x + 1 x = –2

b) x + y – 2 = 0 2x – y + 2 = 0  
d) 2x + 3y = 4 4x – y = 8
f) 3x – 2y – 5 = 0 y = 2

1. 2 



3.4  

y = 2x + 3 y = 2x – 5 2 

1.
2. 2 
3. 2 1 

2 

3. 2

2 

2. 2 

(2) (1)

1. y = mx + b 2 

y = mx + b
x

A(1, 3) 2x + y – 1 = 0

2x + y – 1 = 0 y y = –2x + 1 m = –2. A(1, 3)

2 2

1.

2. A 

A (1, 3) 2x + y – 1 = 0 y = –2x + 5



2

3.5  *

O POA 

d(P, A)2 = (x – 1)2 + (y – 3)2 d(P, O)2 = x2 +  y2 

d(O, A)2  = 12  + 32 y x 

2 –1 –1

y = 3x 3          
–1 

1. 

2. P 

A(1, 3) 2x + y – 1 = 0 

2x + y – 1 = 0 y y = –2x + 1 m1 = –2m2 m1m2 = –1 
m1 m2

2x + y – 1 = 0 A(1, 3) 

y = 3x
2 

y = mx P(x, y) A(1, 3)
y = 3x 

m1 m2 2 –1 



a) a = 2, b = –1, c = 1, x1  = 2 y y1  = 0

c) ax + by + c = 0 3 

P l 

b) a = 3 b = 2 c = –9 x1  = 2 y1  = –2

P l 

P l 

a = 1, b = –3, c = 8, x1  = 0 y1  = 5

l1 P l 
R l l1

d(P, l) d(P, R) 

1. P l 

2. l ax + by + c = 0 

3.6 

P l 

P(0, 5)

ax + by + c = 0 l P(x1, y1) P l 
d(P, l)

a) l 2x – y + 1 = 0 P(2, 0) b) l 3x + 2y – 9 = 0 P(2, –2)



2

3.7  

1. 

2. 2 

3. 2 

4. A l

8. x – 3y – 6 = 0 l ax + (a – 4)y + c = 0 a 

7. 5x – 2y = 0 l ax + by + c = 0 
a b 

l 5x – 2y = 0

a b

5. A l 

6. 2 l1 l2 (–4, 4) l1 (0, 12) l2 2 

a) l b) l 

a) l b) l 

9. P l 



3.8  

l y = 3x – 6 x θ 
1 

2 A(2, 0) B(3, 3) l P(3, 0) x
APB

1 

A(2, 0) P(3, 0) B(3, 3) 3 APB

θ A 
l 3 

θ 71.6

–26.6
x

180
tan θ = tan(θ + 180 )

l x + 2y + 1 = 0 153.4

l x l 
m l θ

0 ≤ θ < 180 tan θ = m

l x + 2y + 1 = 0 1 

y = mx + b 



2

2. A(–1, 6) B(–5, 3) C(4, 1) 3 1 

3. 2 l1 y = k l2 y = mx + b m k 2 l1 l2 l1 

l2 l2 

l1 x – 4y – 1 = 0 l2 y = – 2x – 1 l1 l2 

1 

l1 l2 m1 m2 l1

y = m1x + b 

m1m2 ≠ –1

3.9  2 

m2 = –2 2 l1 l2  

α 

θ1 θ2 l1 l2

2 l1 l2 102.5

–77.5
l1 l2

tan θ = tan(180 + θ) 
180

m1 m2

2 l1 l2 α 2 
l1 l2

1. l1 l2 l1 l2 1 



3.10  

4 A(–3, 3) B(–2, 0) C(4, 2) D(3, 5) 4 

3 DA AB 

a) AB BC A B B C 

ABCD 

A(–3, 3) B(–2, 0) 

C(4, 2) D(3, 5) 

B(–2, 0) C(4, 2) 

B(–2, 0) C(4, 2) 

1. 4 A(2, 3) B(0, –3) C(5, –2) D(7, 4) 

2. 4 A(–4, 0) B(1, –1) C(6, 0) D(1, 1)

b) a) 

c) a) b) D A 
–1 

ABCD 



2

3.11  

2. 4 A(–3, 3) B(–5, –1) C(5, 1) D(3, 5) ABCD 

3. A(–1, 6) B(7, 4)

a)
b) ABC 3

1 A(–3, 0) BC

c) 1

a) A B B C C A

b) ABC 3
1 A(–4, 1) BC

c) 1

6. A(0, 0) B(6, 0) C(2, 4) 

a)
b)

1 AB AB

c) 1

5. 1 
3 1 A(–4, 1) B(2, 1) C(1, 6)

1. 4 A(0, 3) B(4, –1) C(7, 2) D(5, 4) 1 1

4. 1
3 1 A(–3, 0) B(3, 0) C(5, 4)



3.12  

3. ABCD 3 A(–5, 0) B(–2, –1) C(5, 2) 4 

4. A(0, 8) B(–4, 0) C(10, 4) ABC 

a) AB BC CA D E F 
b) AE 2 1 
c) BF CD 2 1 

d) 3.11 4 

5. A(–3, –1) B(2, 2) 2 2 P(3, 0)
2 

6. A B BC CA D(–1, –1) E(4, 2) F(2, 3)
A B C 

7. ax + by + c = 0 a1x + b1y + c1   = 0 2 aa1  + bb1  = 0 

8. P(x1, y1) l ax + by + c = 0 a(x – x1) + b(y – y1) = 0 

9. l1  l2  135 l1  l2 l2  –3 l1 

10. ABC A (–4, 0) B
4x + y – 7 = 0 2x – y + 1 = 0 B C

2. 2x – 3y + 3 = 0 a 

1. A(–5, 3) B(4, –3) AB 3 C D 

C AB 1 2 



2

4.1 GeoGebra

c) A B
AB

A B
10.3

GeoGebra Clásico 5” 
GeoGebra 

GeoGebra 2

GeoGebra

→ https //goo.gl/wf5mHx

1. GeoGebra 

2.  A(–2, 5) B(3, –4) AB 
a) 2 

→ https //goo.gl/ThXbeB

GeoGebra a=(-2,5)

d) C(–4, 1) D(2, 3)
(< ( )>, < ( )>)

< ( )> C D

b)



3.

3x – y + 1 = 0 3x-y+1=0

c) A B AB 
(1, –1) C 

d) 1.6 7 8 9 10

2.
a) (< >)
b) < >
c) y = – 2 x = 3 

3. 2.2 2.5 

4. 2
(< >, < >)

A(–3, –5) B(1, 4)
A B

(A,B)

1.
a) GeoGebra A(–4, –3) B(6, 1) AB 

b)

((-3,-5),(1,4)) 



2

4.2  GeoGebra 2 
2 

1. 10x – 3y + 2 = 0
2. x ( y )

x y

3. 2 2

4. 2x + y – 3 = 0
a)

2x + y – 3 = 0

b) 2x + y – 3 = 0
2x + y – 3 = 0

(4, 2)

es –x + 2y = 0



b) 3x + y – 1 = 0 < ( ) > < (
) >

y=0

5.
a) x – 2y + 1 = 0 < (

) > < ( ) > < (
) > y=0

1. 2 3.1 3.5 

2. l y = –3x + 2 P(–2, –1)
P l
GeoGebra

3. f x – y – 5 = 0 g 6x – y – 21 = 0 2 
GeoGebra 

l1 P l
R l l1

d(P, l)
d(P, R)

GeoGebra 3x + y – 1 = 0 x
180
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GeoGebra



1.1  

a) 1 

y = 2x + 1 y = x2 – 1 

b) 2 

2. 

1. 



3

1.2  *

A B 

AB 

P(x, y) 2 

2x – y – 3 = 0 AB
AB

A (0 2) B(4 0) 

1 A x 

P(x, y)

2

2

1. A(2,  –3) B(0, –1) 
2. y = –1 A(0, 1) 
3. y 2
4. x y 

2

x2 – 4y + 4 = 0  

2

x A(0, 2)



1.3  

-
-
-

3. 4.

2.

1.
2.
3.
4.

1.



3

1.4  *

y = –p F(0,  p)

2

y 

P(x, y) 1 2

y = –p d(P, Q) = |y – (–p)|
d(P, Q) = d(P, F) 

y = ax2 

p = –3

2

F(0, 1) y= –1 V(0, 0)

p = 1 

p 

F(0 p) y = –p x = –p

F(0, –3) y = 3 

1.

2.

p

1 

2 



1.5  

y = (x – 2)2 + 1 

y = (x – 2)2 + 1 y = x2 2
1

p

h k

2. 

a) y = 2x2 –3 1 

x x – (–3) y y – 1 
y – 1 = 2(x + 3)2 y = 2(x + 3)2 + 1

b) y + 2 = –2(x + 1)2 

y = –2x2 –1 –2 

1. h k 

f(x – h) + k f(x) h
k

h x x – h k y 
y – k 

(h, k) (h, p + k) y = –p + k



3

1.6  

x2 + 4x a(x – h)2 + k 

2. 

a)

b)

1. 

2 2

x2 + 4x = (x + 2)2 – 4 

x 2 2 a2



1.7  

–x2 + 4x – 3 + y = 0 

y x 

y – (–1) = (x – 2)2

y – x2 + 4x – 3 = 0 y = x2 2
1 

0 

ax2 + bx + cy + d = 0 

ax2 + bx + cy + d = 0

2x2 + 8x + 7 + y = 0 

y x 

y = –2x2 1 1 
p



3

1.8  

y = x2 y = x + 6 

2

x y 

x = 3 y = 3 + 6 = 9

x = –2 y = –2 + 6 = 4

2 

(3, 9) (–2, 4) 

3 

1. 2 
2. 1 
3.



1.9 

y = 4x + m y = x2 m 
m = –4 

1  2 

x2 + 2ax + b 

(x + a)2 = x2 + 2ax + a2 

ax2 + bx + c
b2 – 4ac = 0

1

1 x2 – 4x – m = 0 1 
x2 – 4x – m 

y = 4x + m y = x2 m 

p 



3

7. p 

8.

1.

2. h k 

3.

4.

5.

6.

1.10  



1.11  *

160 cm 20 cm

20 cm y 20 

(–80, 20) (80, 20) 

1.

1 m
0.5 m

2. 12 cm 3 cm

160 cm x –80 80 

F(0, 80) 

80 cm 

(80, 20) p 



3

1.

60 cm 75 cm

2. 12 cm 
8 cm 

3.
24

cm 9 cm

4.

1 m 0.25 m

5. 12

8 cm

1.12  



2.1  

A(3, 0) B(0, 3) 

P(x, y) 2 

r 

r x2 + y2 = r2 

x2 + y2 = 4 

x2 + y2 = 4 x2 + y2 = 22

1.

O(0 0) 3 

2 

2.

1 

2 
x2 + y2 = 42 x2 + y2 = 16 



3

2.2. *

2

2 

C(2 3) 1 

2
1 x2 + y2 = 1

C(2, 3) 1
2 3

2 (x – 2)2 + y2 = 1 

3 (x – 2)2 + (y – 3)2 = 1 

C(2, 3) 1 (x – 2)2 + (y – 3)2 = 1 

(x + 1)2 + (y – 1)2 = 4 ( )

(x + 1)2 + (y – 1)2 = 4 [x – (–1)]2 + (y – 1)2 = 22 

C(–1 1) 2 

2. 

1. C r

1
P(x, y) P C(2 3) 

2

C(h, k) r 

C(2 –1) 2 
(x – 2)2 + [y – (–1)]2 = 22 (x – 2)2 + (y + 1)2 = 4 

1 

2 



2.3  

x2 + y2 + 4x – 2y + 1 = 0 

x2 + y2 + 4x – 2y + 1 = 0 C(–2, 1) 2 

C(2 –1) 

(x – h)2 + (y – k)2 = r2

(x – h)2 + (y – k)2 = r2 2 0 

x2 + y2 + cx + dy + e = 0 x y
(x – h)2 + (y – k)2 = r2 x2 + y2 + cx + dy + e = 0

4x2 + 4y2 – 16x + 8y + 19 = 0
4



3

2.4  *

P(x1, y1) x2 + y2 = r2 x1 x + y1 y = r2

x1 = 0 y1 = r y1 = –r y = r y = –r y1y = r2 

P(x1, y1) x1
2 + y1

2 = r2 

x1 ≠ 0 y1 ≠0 P 

m P 

P(x1, y1) x2 + y2 = r2

x1x + y1y = r2 

y1 = 0 

y1

(x1, y1) x2 + y2 = r2 x1x + y1y = r2 P(–1, 1) 
x2 + y2 = 2 

–1x + 1y = 2  x – y + 2 = 0

(x – 4)2 + (y + 3)2 = 5 x2 + y2 = 5 4 3
x2 + y2 = 5 P 4 3
P’(2 – 4 –4 + 3) = P’(–2 –1)

m 
–2x + (–1)y = 5 2x + y + 5 = 0

4 3 
2(x – 4) + (y + 3) + 5 = 0 2x + y = 0

P(2, –4) (x – 4)2 + (y + 3)2 = 5 l 2x + y = 0

P(2, –4) (x – 4)2 + (y + 3)2 = 5 

P



2.5  

x2 + y2 = 5 3x + y + 5 = 0 

(2) y 

y + 3x + 5 = 0 x2 + y2 = 5 x = –1 x = –2 y (2)
x

x = –1 y = –3(–1) – 5 = 3 – 5 = –2
x = –2 y = –3(–2) – 5 = 6 – 5 = 1

(–1, –2) (–2, 1)

(1) 

x = –1 x = –2

1 2

2 
1 

y 



3

1.

3. C r 

4. 

10. P(x1, y1) (x – h)2 + (y – k)2 = r2 (x1 – h)(x – h ) + (y1 – k)(y – k) = r2 

5.

6. P

7.

8. x2 + y2 = 10 –3

9. P(2 0) x2 + y2 = 2 

2.6  

2. 



2.7  *

200
10 km 1 km 2 km

10 km 10

P(1, –2) 

x y P

100 (5 < 100) 100 100

200 

1. 200
10 km

7 km 8 km

2. 13 m
30 m 20 m 11 m 5 m

3.
2 m 1 m

1 m 3 m



3

3.1 

1

2

- 2 
-
-

-
-
-

1.

2.

1.

1

2.

3.

2 

1.
2. 2 
3. 2 
4. 2 



3.2  *

F1(–c, 0) 1 F2(c, 0)
2a 0 < c < a

2 

2 

P(x, y) 2 

a2b2 

2a 

F1 F2 

F1(–3, 0) F2(3, 0) a = 5 

x c = 3 a = 5 b 

1.

0 < c < a a2 – c2 > 0 b b2 = a2 – c2 b > 0 

a2 – c2 = b2 b2 = 52 – 32 = 25 – 9 = 16 = 42

2.

a = b



3

3.3  

A1 A2 B1 B2 

B1 B2 y 
x = 0 

x y A1(–a, 0) A2(a, 0) B1(0, –b)
B2(0, b) 

a b c 

A1 A2 x y = 0 

2a

2b

A1(–a, 0) A2(a, 0) B1(0, –b) B2(0, b)

A1 A2 B1
B2 



3.4  

3 4 

(3, –4) 

h k h k
x x – h

y y – k

–3 2 

x [x – (–3)] y (y – 2) 

–2 –1 

1. h k 

1

2

2.



3

3.5  

(1, 2) A1(–4, 2) A2(6, 2) B1(1, –1) B2(1, 5) 

x y 

0 

C(–2, 1)

–2 –1

9x2 + 25y2 – 18x – 100y – 116 = 0 

1 

dx2 + ey2 + fx + gy + h = 0 
x y dx2 + ey2 + fx + gy + h = 0 

4x2 + 25y2 + 16x – 50y – 59 = 0 



3.

4. h k 

5.

6.

7.

1.

2.

3.6



3

3.7 *

13 cm
1 25 cm

1

2b = 2(5) = 10 
10 cm 

1 (13, 0)
1 (12, 0) a = 13 c = 12

1. 13 cm 
10 cm 

2. 28 m 12 m
14 m m



1. 12 m 3 m
3 m

2. 30 m
20 m 3 m

3. 1 1
1 4,700 km

1 5,300 km

5.

13 cm
10 cm

4.

15 m
34 m

2
2

3.8  

3
1



3

4.1 

1.

1

2.

3.

4. 2
1 1

2
1 2 

1.
2.
3.
4. 2
5. 2

-
-
-
-



2 F1(–c, 0) F2(c, 0) 2a
0 < a < c

a2b2

P d(P, F2) – d(P, F1) = 2a P 
d(P, F1) – d(P, F2) = 2a.

P(x, y) 2 

2a 

4.2 *

1.

2.

F1(–5, 0) F2(5, 0) a = 3 

x c = 5 a = 3 b 

0 < a < c c2 – a2 > 0 b b > 0 b2 = c2 – a2 

b2x2 – a2y2 = a2b2

F1 F2  

2 

2 



3

4.3  

a) A1 A2 x y = 0

A1(–a, 0) A2(a, 0)

b) l (a, b) (0, 0) 2 

m (–a, b) (0, 0) 

2 

A1 A2 A1(–a, 0) A2(a, 0) A1A2 

a b c 
A1(–3, 0) A2(3, 0) F1(–5, 0) F2(5, 0)

a) A1 A2 

b) B1(0, –b) B2(0, b) 

(0, –b) (0, b)

A1 A2 B1 B2



4.4  

2 1 

(–2, 1) 

h k h k
x x – h

y y – k

–4 –3 

x [x – (–4)] y [y – (–3)] 

1

–2 –1 C(–2, –1) 

1. h k 

2.

1

2



3

4.5  

9x2 – 4y2 – 18x + 16y – 43 = 0 

(1, 2) A1(–1, 2) A2(3, 2) 

x y 

1

0

dx2 – ey2 + fx + gy + h = 0
x y

x2 – y2 – 2x – 4y – 4 = 0 

x2 – y2 = 1 1 –2 
C (1, –2) 



1.

6.

7.

3.

4. h k 

5.

4.6  

2.



3

4.7  *

10 km
2

6 km
4 km

y = 4 x 

x2 

CHAYKA
LORAN

GPS

2. Maksutov-Cassegrain

Maksutov-
Cassegrain

2
6 km a

2 c

1. 26 km CHAYKA
10 km 12

km



1.

3.
45 m

32 m 4 m 16
m

4. 4y2 – x2 = 2,500 

4.8  

1896

20 21 100

2. 3.75 m 9 m
3 m 6 m

2 1

2
1



3

2. 

3. 

4. 

5. 

1. 

0

4 

4.9  



2. x2 + y2 = 16 y 

A(a, 0) B(0, b)

2
(MINED) 2
https //goo.gl/Lq3dGW

1. (–4, 0) (4, 0)
4 1

2

4.10  

3. A x B y 5 AB AB
3 2

4. y + 2 = 0 x2 + y2 = 16



3

8. p, h, k 1

5.1  GeoGebra 2 

2
2

GeoGebra

p (h, k)

1. p 2 p = 2

2. Enter

3. 5 h k

5. y = k - p

4. F = (h, k + p) F

7. F 

6.



a, c (h, k) 

5. a, c, h, k 3

1. (h, k) r
2. a c (h k) 
3.
4.
5.
6.

1. a, c, h, k 5 3 1 2

4. F1 F2 A1

2. F1 F2 A1 F1 = (h - c, k), F2 = (h + c, k) ,
A1 = (h - a, k)

3. 



3

5.2 GeoGebra

1.

2. 1 4 , –1 , 8 , –2 ,
7 

4.

GeoGebra
( )

GeoGebra

3. x2, y2, x, y A1, B1, C1, D1 , E1
A1*x^2 + B1*y^2 + C1*x + D1*y + E1 = 0



5. A1 B1 1 

6. B1 0 

7.

4.9 5 



3

5.3  GeoGebra 2 

GeoGebra 2

GeoGebra

1. 5.1 (0, 0)
p = 4

2.

3.
(F)

4. 2

5. y 2
y



6. B C D y 

7. DAB FAC 

8.

1.

2.



3

4. 3
C y + 2 = 0

C

distanceCf

5.4  GeoGebra

GeoGebra 4.10 2
GeoGebra

4.10 4 

y + 2 = 0 x2 + y2 = 16

3.

1. y + 2 = 0 x2 + y2 = 16 

2.
–3.46 3.46

Enter a

5. 3 C
distanciaCf



6. 5 y + 2 = 0 x2 + y2 = 16

7. C 

8.

1. y + 2 = 0 x2 + y2 = 16

2. 4.10 2 3
a) x2 + y2 = 16 y

b) 5 AB A x B y 
AB 3 2 
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1.1  

22 23 = 22 + 3 = 25

a n 

5

36 32 = 36 – 2 = 34

4

b)

2. a
a) n

a 
a1  = a

b) n

(22)3 = 22 3 = 26

n 

6

1. a b m n



4

1.2  

23 33 = (2 3)3 = 63

3

23 

• a b m 

• b) 

• a1 , a2 , … , an 

22 32 52 1 

22 32 52 = 302



33 37 = 3–4

63 63 = 60

60 1 

a)
a a ≠ 0

b)
a a ≠ 0 n

2. 

a b m n

1. 

1.3  *

63 63 = 1

am an = am – n m n 2 



4

1.4  n 

a 2 

a) –8 1 b) –16 2 

x = 5 

n 

n bn = a b a n

n 2 
1. n a (n) 

2. n a 2 n 

5 625 4 

x = –5 

–5 625 4 

x = 3 

3 27 

a 1

n n
a > 0 

a) 27 b) 625 

n 

x



1.5  

729 

3

9 3 729

1. a 

2. n

3. 

4. a = bn 

n a 

n n 

16 81 

4 

3



4

1.6  n

4 

4 

6 

n 



n 

1. 

b)

n 

3

2. 



4

1.7  n

1. n 
•
•

2.

n

n a 

1.

2

2.
a)

b)

c) a) l)

m 

m 



1.8  

2. 1 

a m n n 

m n 

n 

1. 

2.                      

1. 

a 

r a > 0 



4

1.9  

2. 

1. a b m 
n 

(                          

c) d) e)



1.10  

1.
2.
3.



4

2.

4.

5.

6.

1.11 

3.

1. 

2 2 

4.728804... 

x a > 0 ax  

ax x a > 0 
a b r s 



2.1  

x = –1 

x = 0 f(0) = 20 = 1 

x = 1 f(1) = 21 = 2 

x = 2 f(2) = 22 = 4 

x = –2 

x = –1 

x = 0 

x = 1 

x = 2 

0 < a < 1 f(x) = ax f(x) = b-x 

xa 1 f f(x) = ax  

→ a 

f(x) = ax  (0, 1) (1, a)

x = –2 

a) b)



4

2.2  

• y = 3–x y y = 3x 

• y = 3–x x y = 3x 

1. 

2. y f1(x) f2(x) x 
3. x f1(x) f3(x) y 

(x, ) f1 (–x, y)
f2 y

(x, y) f1 (x, –y)
f2 x



1. y = ax y = a–x y 
y = a–x y = ax x

2. y = ax y = –ax x
y = –ax   y = ax y

3. y = a–x y = –a–x x
y = –a–x y = a–x y

f4 (x) = –3–x 

f4 (x) = –3–x f2(x) = 3–x y 

2. f4 (x) = 3x f1 (x) = –3–x f4 f1
(a, b) f1

(–a, –b) f4 

1. 



4

2.3

a) b)
y f1 (0) = 30 = 1 (0, 1)
x 3x = 0 x 

c)
b < c 3b < 3c

3. x 

a) b)
y f2 (0) = 3–0 = 30 = 1 (0, 1)
x 3–x = 0 x 

c)
b < c 3–b > 3–c

d)
y = 0 

a)
c)

b)
d)

d)
y = 0 f1

x 
y = 0 a 

a < b f (a) < f(b) f 
a < b f(a) > f(b) f 

y
(y )

b < c 3b < 3c

b < c –3b > –3c



2. y

5. f(x) = 2x + 2–x ]–∞, 0] 

y 

b < c ab < ac b < c a–b > a–c b < c –ab > –ac

f1 f2 f3 x 

a a > 1 
• f(x) = ax 

• f(x) = a–x 

a > 1 f1(x) = ax, f2(x) = a–x y f3(x) = –ax 

3. y = 2x 

4. f(x) = 2x + 2–x [0, ∞[ 

a) c ≠ 0 d ≠ 0

b) a)

c) b) 0 ≤ a < b < f(b)

1. f(x) = a–x f(x) = –a–x  x 

y
(y )

b < c a–b > a–c



4

2.4  

1. a) b)

2. f1(x) f2(x) f 3(x)

• f2(x) f1(x) 1 
• f3(x) f1(x) 1 

• f2(x) f1(x) 

• f3(x) f1(x) 

f(x) = ax – h f(x) = ax h 
• h > 0 • h < 0 

f(x) = ax + k f(x) = ax k 
• k > 0 • k < 0 

f(x) = ax + k y = k 

1. f(x) = 3x 

2. f(x) = 4x 

,,



2.5  *

a) b) f1(x) = 2x f(x)

(x, y) f1(x) (x + 1, y + 1) f(x) 

f(x) f2(x) 1 1 

f2(x) (x, y) (x + 1, y – 1) f(x) 

b) y f1 f2(x) = 2–x 

f(x)

1. f1(x) = ax 

f(x) = –2–(x – 1) – 1

2. f(x) f2(x)

• a–x y 
• –ax x 
• –a–x x 

3. f(x) = f2(x – h) + k f2 (x, y)
f (x + h, y + k)

a) f1 2.1 

f1 1 y = 2x – 1 

f(x) = f2(x – 1) – 1

y 1 f(x) = 2x – 1 + 1 



4

2.6  

25 = 52 

5x = 52 

x = 2

8 = 23

2x = 2–3 

x = –3

4 = 22  8 = 23 

(22)x = 23 

22x = 23 

2x = 3

9 = 32 81 = 34 

(3–2)x = 34 

3–2x = 34

–2x = 4

x = –2

a > 0 a ≠ 1 ax 

1. ar= as

2. r = s



c)
y2 – y = 2 2 

e)

2.7  2 

2 

a) 2 4x 

4x  = (22)x = 22x         4 = 22 

(22)x – 2x = 2 

b) (22)x = (2x)2 

x = 1 

ax + r r
ax + r = ar (ax)

2x + 1 = 2(2x)

a) 4x 2 
c)
e)

b) 2x y 
d) y 2x 

4x – 2x = 2 

d) y 2x 

x 2x > 0 
2x = –1

1 1 2 2 

p(ax)2 + qax + r = 0

1. y = ax  

2. py2 + qy + r = 0 
3. y = y1 y = y2 y ax ax = y1 ax = y2
4.



4

1.
a) y = 2x y = 2–x y
b) y = 3x y = –3x x
c) (a, b) y = 3x (–a, –b) y = –3x 

2. f1(x) f2(x) f2(x) f1(x)

3.

4.

5. 2

2.8  



2.9  

2. a) d) 2 

3. a) d) 2

4.

5. 

6. 

7. 

8.

a)
b) y = 2x y = –2x

c) y = 2x y = 4x 1

9.

a)

b)

c) x b)

10.
a) b) 

1. 


